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Abstract
Schelling (1978) suggested a simple binary choice model to explain the variation
of corruption levels across societies. His basic idea was that expected profitability
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of engaging in corruption depends on its prevalence. The key result of the so-called
Schelling diagram is the existence of multiple equilibria and a tipping point. The
present paper puts Schelling’s essentially static approach into an intertemporal setting.
We show how the existence of an unstable interior steady state leads to thresholds
such that history alone or in addition expectations (or coordination) are necessary to
determine the longrun outcome. In contrast to the related literature, which classifies
these two cases according to whether the unstable equilibrium is a node or focus,
the actual differentiation is more subtle because even a node can lead to an overlap
of solution paths such that the initial conditions alone are insufficient to uniquely
determine the competitive equilibrium. Another insight is that a (transiently) cycling
competitive equilibrium can dominate the direct and monotonic route to a steady state,
even if the direct route is feasible.
JEL: D73, C61, C62
Keywords: corruption, Schelling diagram, intertemporal competitive equilibria,
thresholds, history versus expectations.
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Introduction

This paper embeds Schelling’s static description of corruption within a dynamic framework
along the lines suggested in Krugman (1991) for labor markets. In this way we correct the
crucial and important distinction between history and/or expectation dependent outcomes
and find an additional and interesting point concerning the potential Pareto ranking among
the intertemporal equilibria (in short, the short cut to the steady state may be dominated
by taking first a few rounds).
Corruption is an old phenomenon that has a substantial impact on economic growth
(mostly negative) and affects all societies, albeit to different degrees. For example, the organisation Transparency International compares corruption internationally and documents a
substantial variation across states. Several papers try to explain why similar socio-economic
structures can give rise to such different levels of corruption (see, e.g., Andvig and Moene,
1990). Given the long history it is no surprise that corruption is analyzed already in the
ancients (e.g. in Plato) and in the political science literature. Friedrich (1972) documents
historical examples of corruption (Roman empire, monarchical England, Prussia, Russia,
France, United States). These examples as well as the recent revolutions in the Arab world reveal a link between corruption and dictatorships confirming the famous quotation from Lord
Acton (taken from Popper, 1966, p. 137) that all power corrupts, and absolute power corrupts absolutely. Although democracy itself seems not a sufficient guaranty against bribery,
some political scientists, e.g., Friedrich (1972), claim at least an inverse relation between
corruption and popular support. However, corruption need not always harm economic development if it provides the grease to oil the bureaucracy. Some even argue that ’politics
needs all these dubious practices, it cannot be managed without corruption’, Friedrich (1972),
and these practices may help to mitigate the abuse of state authorities. Lui (1986) goes even
further and argues that corruption may improve social welfare because bureaucrats speed
up the administration process to obtain more bribes.
2

Early economic investigations of corruption are Rose-Ackerman (1975, 1978) (with a
recent follow up, Rose-Ackerman, 2010) and Schelling (1973, 1978). Shleifer and Vishny
(1993) differentiate between beneficial and harmful corruption. Concerning the latter, think
for instance about the disastrous effect of multiple marginalizations if different bureaucracies
sell licenses as is practiced e.g. in post-communist Russia. These papers as well as the bulk
of this literature is static. Therefore, one major objective here is to investigate corruption
within a dynamic framework accounting for rational actors (e.g., bureaucrats) and (social)
interdependence among them. Starting point is the model of Schelling (1973, 1978) that
illustrates how the same bureaucrat within the same political and economic system can be
corrupt or not depending on the aggregate level of corruption.
More precisely, this investigation focuses on both dynamics and social interactions. Dynamics is a crucial characteristic of corruption that evolves, spreads and turns out to be hard
to eradicate. Examples of dynamic treatment of the evolution of corruption are investigations of (optimal) deterrence of corruption. Lui (1986) reports on corruption in Communist
China that is characterized by episodes of pervasive corruption followed by anti-corruption
campaigns. Feichtinger and Wirl (1994) attempt to endogenize such episodes of crusades
against corruption alternating with little or no deterrence. Recently, Dong and Torgler
(2011b) presents an overlapping generations model in order to assess also empirically the
link between democracy, inequality, property rights and corruption.
The incidence of corruption varies strongly across nations, regions, societies and also
time. E.g., Singapore, which occupies today always a top position among the least corrupt
countries in the rankings of Transparency International, was considered to be very corrupt
in the 1950-ies. Russia and other ex-Soviet republics moved from corrupt (a characteristic of
the Socialist economies that was overlooked in the West, see Friedrich, 1972) to worse. Given
these experiences, an important question is why are not more people corrupt? An important
observation is that the profitability of a corrupt transaction compared to rejecting a bribe
depends inter alia on the number of other people accepting bribes (compare Andvig, 1991,
p.69). A number of papers recognize this importance of social pressure for understanding
corruption. Social interactions are the subject in Glaeser et al. (2003), and this (static)
concept is applied to crime in Glaeser et al. (1996). More recently, Dong and Torgler (2011a)
find social interaction significant for corruption in a cross-province panel in China 19982007. However, papers that account for both, dynamics and social interdependence, are rare.
E.g., the rather comprehensive survey by Aidt (2003) does not include dynamic approaches
to corruption in spite of referring to multiple equilibria. Wirl (1998) and Epstein (2002)
investigate dynamics and social interactions within the context of corruption via cellular
automata. This approach adds spatial elements but ignores intertemporal optimization.
Feichtinger et al. (1998) try to explain corruption as a cyclical phenomenon within a dynamic
but only descriptive model.
The objective of this paper is to account for rational agents who optimize intertemporally
and have rational expectations about the other agents’ behavior. A corresponding starting
point is Krugman (1991) who considers competitive agents who can choose between two
activities: working either in agriculture, which yields a constant wage, or in manufacturing
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where the individual wage depends positively on the aggregate size of the industry (Krugman
stresses the importance of these increasing returns, although this property is not necessary,
see Wirl and Feichtinger, 2006). In our application, bureaucrats must choose to accept (or
even ask for) or to reject a bribe. Facing costs for moving between these two activities,
agents must solve an intertemporal optimzation problem where future payoffs depend on the
other agents’ actions. More precisely, payoffs depend on some aggregate level X, which is a
given parameter that is not subject to individual influence although individual and aggregate
coincide along any symmetric competitive equilibrium.
The contribution of this paper is twofold. Firstly, for the corruption literature we provide a dynamic formulation that by and large corroborates Schelling’s insight produced 30
years ago within a dynamic setting. Secondly, the entire literature on rational expectation
intertemporal competitive equilibria (starting with Krugman, 1991) applies the following
criterion. If the interior and unstable steady state is a node, then history (i.e., the initial
state(s)) provides all the information needed to determine the future evolution. If the unstable steady state is a focus, then history alone is insufficient and additional information
about the all other agents’ expectations is needed. However, this straightforward distinction
is wrong. The reason is, and this is demonstrated within our application to corruption,
that even unstable node can lead to an overlap, which requires, as in the case of a focus,
additional information to determine future outcomes. As a consequence, the differentiation
between the two cases, history versus history+expectations, is unfortunately more subtle
and complicated. Another and related point is that starting from the interior spiral of the
saddle point path can Pareto-dominate the (usual) alternative of starting at the ’envelope’
and moving directly and monotonically to the steady state.
The paper is organized as follows. In section 2 we sketch the basic idea based on the
so-called Schelling diagram. The purpose of our analysis is to extend Schelling’s model to
an intertemporal setting. The model presented and analyzed in section 3 shows how interior
and boundary equilibria may occur: In particular, it is illustrated how the existence of an
unstable interior steady state leads to a tipping point. In section 4 another (quadratic) utility
function is considered to obtain additional insights. Finally, section 5 concludes. That is,
the (political) decision makers are able to control corruption the obtained results are put in
a more general social interaction context.

2

The Schelling diagram

Thomas Schelling sketched almost four decades ago how individual agents find it rational to
accept or to reject bribes (compare Schelling, 1973, p. 388 and Schelling, 1978, Chap. 7).
The following exposition follows Andvig (1991, p. 70-75). Denote by X ∈ [0, 1] the level
of corruption within a society; if X = 0, then everybody is ’clean’, while X = 1 refers to a
totally corrupt society.
Schelling assumes that the individual has only a binary choice x ∈ {0, 1} to be either
corrupt (x = 1) or not and is informed beforehand how corrupt the others are. Schelling’s
core idea is that the profitability of individual corruption depends on the level of corruption
4

in the society, X. Denoting the agent’s payoff by U(x, X), the decision to be corrupt or
not depends on U(0, X) and U(1, X), see Fig. 1, and the analysis can be restricted to the
following according to the survey in Andvig (1991). Firstly, in a clean society the profitability
of being corrupt is below of those of being honest1 . Thus, it is reasonable to assume that
U(0, 0) > U(1, 0).

(1)

Conversely, overall corruption renders individual corruption profitable (e.g., there is no
loss of individual reputation anymore). Thus, we have
U(0, 1) < U(1, 1).

(2)

For our purposes, the assumptions (1) and (2) are sufficient. As a consequence there is
at least one intersection of the two utility functions in the interior of the utility interval; the
precise shapes of the two utility functions 2 are not crucial. Let us assume that there is a
unique intersection of U(0, X) and U(1, X), denoted as B, as illustrated in Fig. 1. At B, the
agent is indifferent between a non-corrupt and a corrupt action. However, this point B is an
unstable equilibrium in the following sense: If only one more member of the reference group
is corrupt, it will pay to become corrupt. And since the higher profitability of corruption
prevails right of B, the reference group will move to the high equilibrium C, i.e. the society
becomes ’dirty’. If one starts slightly below B, the agents have a private incentive to be
honest, and the system converges to the stable low (’clean’) boundary equilibrium denoted
as A.
Thus, small changes in initial conditions around the unstable indifference point B will
have a large impact on the long-run behavior. This ’history-dependence’ has important
economic and political consequences. A strong, but short-lived anti-corruption campaign
may move the society below the tipping point B. And since non-corrupt behavior is there
more profitable, the whole system then will progress by its own movements to the clean
stable equilibrium. The campaign may be lifted provided that no exogenous shocks drive
the society again above point B.
Schelling’s approach provides a microfoundation of the observed widely different levels
of corruption by linking macro-level variables to individual (micro-) profitability using the
same set of economic assumptions. Although the Schelling diagram is vague concerning
the dynamics off an equilibrium, it is a useful tool to explain some basic facts of economic
corruption such as multiple equilibria and tipping points.
We extend Schelling’s analysis (at least) in two directions. First, we replace the binary
corrupt/non-corrupt behavior with a continuous spectrum of various levels of individual
consumption. Second, and more important, we generalize Schelling’s static approach to
rational agents with rational expectations solving a dynamic optimization model.
1

E.g., if (almost) everybody is non-corrupt, then breaking the rules may lead to higher feelings of guilt
than in a ’dirty’ society. Furthermore, a black sheep in a herd of white ones can be more easily caught for a
given capacity of public interventions.
2
In particular, we omit the discussion of the shape of the marginal utilities UX (i, X) for i = 0, 1; see,
however, Andvig (1991).

5

A
U (1, X)

B

C
U (0, X)

0

0

1
X

Figure 1: The Schelling diagram. X ... level of corruption in a reference group; U(0, X)
... individual utility for being non-corrupt; U(1, X) ... individual utility for a corrupt action;
A ... stable boundary equilibrium: ’clean’ society; B ... stable boundary equilibrium: ’dirty’
society; C ... unstable interior equilibrium
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Dynamic models of corruption

Let x ∈ [0, 1] denote the individual decision maker’s own degree of private corruption, i.e.
the (continuous) share of corrupt acts of an agent and X ∈ [0, 1] be the aggregate or average
level of corruption. An agent’s individual payoff is given by U (x, X) since it depends on
the average degree of corruption in the population, X. The dynamics results from sluggish
individual behavior, more precisely,
ẋ (t) = u (t) , x (0) = x0 ∈ (0, 1),

(3)

where u denotes the individual’s decision on which level to increase or decrease his degree of
corruption. Any substantial change in individual behavior is costly, where the costs are given
by k(u, x, X). Costs may be due to moral (bad conscience) and due to economic reasons
because expanding corruption requires an expansion of business; a reduction requires avoiding some otherwise fruitful contacts, alienation of former clients, etc. Marginal adjustment
costs may increase or decrease in private or aggregate corruption; moral costs for getting
more corrupt decline as aggregate corruption increases, while the cost for expanding become
higher as everyone fights for the last niche to collect bribes. Therefore, the (competitive)
agent’s individual dynamic optimization problem is to
ˆ ∞
max
e−rt [U(x (t) , X (t)) − k (u (t) , x (t) , X (t))] dt,
(4)
{u(t)∈R}

0
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Figure 2: Linear utility function U(0, X) and U(1, X) in the Schelling diagram
subject to (3). Although, the agents take the aggregate X as given, i.e., X cannot be
influenced by individual actions, they know (rational expectations, i.e., perfect foresight)
that
X (t) = x (t) ∀t ≥ 0,
(5)

for identical agents and a symmetric equilibrium. Summarizing, we have transformed Schelling’s
static approach to an infinite time horizon dynamic optimization problem, where x is the
state, u acts as the control variable, and X is the external factor affecting the decisions
of individual agents. Appendix 6.1 gives a clarification of the theoretical setting. In spite
of identity (5), X is not part of the optimization, i.e., it is only a parameter within the
optimality conditions.

3.1

Linear payoff U

The most simple case is that of a linear payoff: individual bribes increase linearly in aggregate corruption, while the payoff from honesty (1 − x) decreases with overall corruption.
Therefore,
U(x, X) = x(a + bX) + (1 − x)(c − dX) − δX 2 , a > 0, b > 0, c > 0, d > 0, δ > 0,

(6)

and Fig. 2 illustrates the above utility function. This chart ignores the last term, which
is the public good externality of living in a corrupt society (δ > 0), because this (additive)
term is irrelevant for individual decisions.
Emphasizing simplicity following the above linear payoff, a quadratic cost function k
depending only on u and some parameter γ, describing the adjustment costs, is assumed.
7

The resulting model is very close to Krugman’s labour market model (however, Krugman,
1991 does not cite Schelling, 1978). The only difference is that the payoff of rejecting bribes
is declining with respect to X while the wage in agriculture is constant. Hence, the following
analysis can be kept short. The advantage of (6)’s quadratic structure is that closed form
solutions of the steady states and precise characterizations of their stability properties are
possible. The Hamiltonian of the associated agent’s optimization problem (expressed below
in current-values), equals
γ
H = x(a + bX) + (1 − x)(c − dX) − u2 + λu.
2
It is strictly jointly concave in the for the optimization relevant variables (u, x) such that all
solution paths, that satisfy the first order conditions below, are optimal since they satisfy
also a limiting transversality condition.
By using Pontryagin’s maximum principle we find that
u∗ =

λ
.
γ

(7)

The co-state equation is
λ̇ = rλ − (b + d)X + (c − a)

(8)

(c − a) − (b + d)x
.
γ

(9)

Differentiating (7) with respect to time, and using X = x and (7), we get
u̇ = ru +

Therefore, the dynamic system (9) and (3) has one steady state at the intersection shown in
Fig. 2 3 ,
c−a
,
ûB = 0,
λ̂B = 0.
(10)
x̂B =
b+d
This steady state is admissible if c ≥ a and b + d ≥ c − a, and is unstable as the determinant
> 0. Considering the eigenvalues of the Jacobian ξ 1,2 =
of the Jacobian is det(J) = b+d
γ
q
1
(r ± r 2 − 4(b+d)
), the point is a focus if 4(b+d)
> r 2 . Using the Lagrangian,4
2
γ
γ
L = H + ν 1 x + ν 2 (1 − x)
we can find following steady states at the boundary of the admissible region
x̂A = 0,
x̂C = 1,

ûA = 0,
ûC = 0,

λ̂A = 0,
λ̂C = 0,

ν̂ A1 = c − a,
ν̂ A2 = 0,
ν̂ C1 = 0,
ν̂ C2 = (b + d) − (c − a).

Thus, assuming γ = 1, the following classification is possible, which has crucial economic
implications.
3

Subscript B refers to the corresponding point in the Schelling diagram.
For a detailed presentation of the Lagrangian technique taking into consideration inequality constraints
see Grass et al. (2008, Sect. 3.6).
4
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• c − a < 0 < b + d: one admissible steady state with maximal corruption,
• 0 < b + d < c − a: one admissible steady state with no corruption,
• 0 < c − a < b + d: three admissible steady states, where the interior steady state is
– an unstable focus iff

b+d
γ

>

r2
,
4

– an unstable node iff

b+d
γ

≤

r2
.
4

The characterization as a node or focus seems superficial given the instability of the steady
state, but it has crucial economic implications. More precisely, the following distinction has
been used in the literature since Krugman (1991):
1. Unstable node. Since the saddlepoint paths heading to the two boundary equilibria,
x → 0 or 1, do not overlap, history is sufficient to determine the future. More precisely,
starting to the left of the unstable steady state implies x → 0, while starting to
the right implies an entirely corrupt society, x → 1. Later we will show that this
equivalence between node and history, i.e. starting to the left (right) of the node
implies convergence to the steady state being situated on the left (right), does not
hold general, although it is assumed in all related papers. Flat linear functions (b and
d are small), high adjustment costs (γ large) and high discounting favor this scenario.
2. Unstable focus. Here, the two saddlepoint paths overlap, see the discussion of the
example in Fig. 3 later on. This implies that history alone is insufficient to determine
the future. Of course, the opposite properties, steep linear functions (b and d are
large), small adjustment costs (γ small) and low discounting lead to fast adjustments
that require additional information to determine the individual course of action.
3. Stable (focus or node) implies (local) indeterminacy, which is impossible in the above
case of linear utilities and additive costs. However, it cannot be excluded in general.
Examples that allow for indeterminacy are Karp and Thierry (2007), who consider an
interaction between agriculture and polluting manufacturing, and Wirl (2011), who
assumes the adjustment costs to increase with respect to X (aggregate employment in
manufacturing).
If the unstable steady state is a focus, then initial conditions (i.e., history) are insufficient
to determine the competitive outcome transiently and in the long run. The reason is that
both saddlepoint strategies can be reached for a set of initial conditions; in the example of
Fig. 3 this domain where history is insufficient is extremely large, because it contains the
whole feasible region. While in the case of unilateral optimization the maximization objective
provides an additional criterion to choose among different saddlepoint paths, a competitive
equilibrium can only rely on the Nash property, i.e., individual behavior must be the best
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response given all others’ actions5 . Therefore, even if an individual knew that the way to x =
X = 0, and thus toward no corruption, Pareto-dominates the other direction to the long run
outcome x = X = 1, only a fool (in the context of the model) or a saint6 would choose to go
to x = 0 when all others ‘agree’ to move to the right. Krugman (1991) calls this expectation
dependence, because agents must hold the same expectations within a symmetric competitive
equilibrium. An alternative interpretation is that the agents must somehow coordinate their
actions to choose either one of the two stable saddlepoint branches (e.g., via cheap talk). The
particular feature of Fig. 3 is that, in contrast to Krugman’s model, a very large overlap7
results. More precisely, an initial overall corruption between x̄1 = 5 and x̄2 = 99% allows to
reach both (extreme) steady states of all or no corruption. Expectations and/or coordination
is crucial to choose between the two. Therefore, an improvement in coordination such as the
one facilitated by modern media (facebook, twitter, mobile phones, sms) may explain the
drastic switch from one equilibrium to the other. Kuran (1989) suggests that revolutions
come often as a surprise since people hide their true support for the opposition until it pays
off to come forward; in fact this static analysis bears some resemblance to the Schelling
diagram with respect to individual payoffs from openly supporting the opposition depending
(expected) aggregate support of the opposition and unstable interior steady states. In our
framework, fast changes occur only if the adjustment costs are very small, which they are
presumably getting as the improved communications lower uncertainties about individual
exposures. This can explain why the ’liberal’ dictators are usually removed fastest and those
who play hardball much latter if at all. More precisely, let us apply the insights from our
corruption model to revolutions given the topical events in Arab countries. For this purpose
let the optimal control u describe the changing support of the government that depends
on the adjustment costs γ. If a dictator leads a very strict regime and is able to bloc
communications old (by prohibiting public meeting and of course demonstrations) and new
(internet, twitter, facebook, mobile phones, etc.) then it is of course riskier and costlier to
change towards supporting the opposition. As a consequence, such a dictator can at least
delay his removal as Bashar al Assad is proving.

Quadratic payoff U

4

Given that the above simple, essentially linear payoff with respect to corruption, produces
already interesting outcomes, the question arises how generalizations of payoffs and adjustment costs affect and in particular complicate the picture. It makes sense to keep the relation
linear with respect to private corruption (since individual acts of corruption are negligible
5

For this reason the payoff comparisons are irrelevant. To stress this point, note that the pure externality
terms, here −δX 2 , affects the payoffs but NOT the dynamics. Hence, by choosing a proper δ, I can choose
the Pareto-dominant outcome at will.
6
Well there are some. The recent self sacrifice by a Tunesian triggered the Tunesian revolution and Jan
Palach’s sacrifice was also crucial for the Czechs in 1968.
7
More precisely, Krugman (1991) shows also a large overlap but only due to an error while the true
overlap is small. Fukao and Benabou (1993) and Krugman (1991): both longrun outcomes are attainable
for almost all admissible initial conditions, x0 ∈ (0.05, 0.99).
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0
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x
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Figure 3: Phase portrait for 0 < c − a < b + d with r = 0.04, a = b = d = 0.5 and c = 1.01
in the total). On the other hand we impose that the payoff from each act of corruption depends on the aggregate in a non-monotonic way: increasing at low levels, because few offers
of corruption will be made even if the bureaucrat in question is corrupt, and decreasing at
high levels due to many other bureaucrats ‘selling’ the same or a similar license. A simple
version could be
U(x, X) = xX(1 − εX) − δX 2 + α(1 − x),
(11)
where the first term describes the financial benefit from bribes, the second the public good
externality due to living in a corrupt society (δ > 0) and the third term refers to the utility of
being clean (no worries about getting caught, good conscience etc., α > 0). The parameter
0 ≤ ε ≤ 1 determines the payoff in a 100% corrupt society from an individual corrupt
act, because this payoff equals 1 − ε. Hence, normalizing ε to 1 implies that individual
payoffs from corruption are entirely eroded if everyone is willing to accept any bribe (perfect
competition, thus no profits anymore). Fig. 4 shows an example ignoring again the external
social costs of corruption since they are irrelevant for the individual optimization due to
their public good characteristic.
The introduction of more complicated payoffs is only justified if it can provide additional
insights. To start with the negative, to find a further complexity of indeterminacy - more
precisely, both eigenvalues of the Jacobian to be negative (or have negative real parts) - is
impossible even if moving beyond the assumed pure adjustment cost. The reason is that (at
least local) indeterminacy, i.e. existence of a stable steady state, requires proper interaction
between the individual control and the economy wide externality (see Wirl, 2007). Indeed,
it is reasonable to assume that the costs of expanding individual corruption depends on the
level of corruption within the society. Actually, the two conceivable arguments, network
effects and moral, point in the same direction: (i) as corruption spreads, the corresponding
networks expand and it becomes easier to join them and (ii) the moral costs are also reduced
11

A

B

U (1, X)

U (0, X)
C

0
D

0

1
X

Figure 4: Utility function U(0, X) and U(1, X) in the Schelling diagram
if everybody is already doing it. Therefore, it is reasonable to impose that
∂k
< 0.
∂u∂X
This negative mixed derivative of the costs turns positive with respect to the total payoff so
that indeterminacy can be ruled out (Proposition 5.7 Wirl, 2007) in the case of corruption
of the Schelling type. Given this result, we continue using the simple adjustment cost
framework. On the positive side, quadratic payoffs allow for interior and saddlepoint stable
steady states. In addition, it allows us to make two formal points: (i) to question the usual
classification in the literature that history is sufficient to determine the future in the case of
an unstable node; (ii) non-monotonicity of competitive outcomes in spite of a single state
framework, even if invoking additional criteria like Pareto-dominance in the case of multiple
equilibria.
The corresponding Hamiltonian
H = xX(1 − εX) − δX 2 + α(1 − x) − γ
implies the necessary conditions,
u∗ =

λ
,
γ

λ̇ = rλ − X(1 − εX) + α,
12

u2
+ λu,
2

so that we have

1
(x(1 − εx) + α) ,
γ
and the following interior steady states (they correspond to the intersection of the static
curves in Fig. 4 and so they are indexed accordingly),
√
1 + 1 − 4εα
x̂C =
,
ûC = 0,
λ̂C = 0,
(12)
√2ε
1 − 1 − 4εα
x̂B =
,
ûB = 0,
λ̂B = 0.
(13)
2ε
u̇ = ru −

The determinant of the Jacobian matrix evaluated at the steady states is det J(x̂) = γ1 (1 −
q
).
2εx̂), and the eigenvalues are ξ 1,2 = 21 (r ± r 2 + 8x̂ε−4
γ
The first steady state is admissible if 0 ≤ x̂C ≤ 1 and 1 − 4εα > 0, or
1−ε≤α≤

1
.
4ε

Looking
at the determinant of the Jacobian at the first steady state, which is det J(x̂C ) =
q
− γ1 (1 − 4εα) < 0, we see that this point is always a saddle point.
It can be easily shown that the second steady state is admissible if
0≤α≤

1
.
4ε

The determinant of the Jacobian at this steady state is det J(x̂B ) =

q

1
(1
γ

− 4εα) > 0, the

trace of the Jacobian matrix is trJ(x̂B ) = r > 0. Thus, the steady state is always unstable,
and it is a node if r 2 + γ1 (8x̂B ε − 4) ≥ 0. Inserting x̂B , we find that the steady state is a
4 2

1
1
node if and only if 4ε
≥ α ≥ 4ε
− r 64γ .
Note that while for certain parameters we can find an admissible interior saddle point
x̂C above the unstable steady state x̂B , it is not possible to find one below. The positivity
of β implies that the marginal contribution to the objective of corruption is negative for x
positive and sufficiently small, i.e.

Hx = X(1 − εX) − β < 0 for X = x small enough
This implies that left of the smallest interior steady state it is optimal to converge to the
origin, hence instability of this steady state.
By looking at the Lagrangian function
L = H + ν 1 x + ν 2 (1 − x),
we find the following steady states at the boundary of the admissible region:
x̂A = 0,
x̂D = 1,

ûA = 0,
ûD = 0,

λ̂A = 0,
λ̂D = 0,
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ν̂ A1 = α,
ν̂ D1 = 0,

ν̂ A2 = 0,
ν̂ D2 = 1 − ε − α,

where the one with x̂D = 1 is not feasible if ε = 1. Note, that the boundary steady state
x̂D is only admissible if α < 1 − ε, thus the interior steady state with the higher level of
corruption x̂C and this boundary steady state cannot be admissible at the same time.
4 2
1
Thus, when assuming 4ε
− r 64γ ≥ 1 − ε, we obtain the following scenarios:
• Region I: α >

1
:
4ε

one admissible steady state with no corruption.

1
• Region II: 1 − ε ≤ α ≤ 4ε
: two admissible interior steady states and one at the
boundary with no corruption (x̂A ). The interior steady state with the higher level of
corruption is always a saddle point, while

•

4 2

− r 64γ ≤ α ≤
unstable node,
1
4ε

1
−
• 1 − ε ≤ α ≤ 4ε
unstable focus.

1
:
4ε

interior steady state with lower level of corruption is an

r4 γ 2
:
64

interior steady state with lower level of corruption is an

• Region III: 0 ≤ α < 1 −ε: three admissible steady states, where one is in the interior of
the admissible region (unstable focus), and two at the boundary with no and maximal
corruption, respectively.
Quadratic benefits allow for (saddlepoint) stable interior steady states and more complicated dynamics, such as the one shown in Fig. 5. In this example, the no corruption
outcome is globally attainable by a competitive equilibrium while the high corruption equilibrium (below 100% now) requires sufficient initial corruption; again the overlap, i.e. the
interval [x̄, 1], is large. However, the most important reason to study this extension to nonlinear (here just quadratic) payoffs is to correct common perceptions. Firstly, it demonstrates
that an unstable node allows also for an overlap and Fig. 6 shows a corresponding example:
Although the unstable steady state is a node, history is insufficient to determine the longrun
outcome. The reason is that it is possible to pick either of the two saddlepoint branches
for any x0 = X0 ∈ (0.4368, 0.4771). Therefore, the common rule found and applied in the
related literature - if a node then history is determinant, if a focus then history is insufficient and expectations or coordinations are needed to determine the longrun outcome - is
wrong. The unfortunate consequence of this finding is that tedious calculations are necessary
to discriminate between these two different and highly policy relevant cases instead of the
relatively simple check node or focus.
The second point concerns the time paths of intertemporal competitive equilibria if the
unstable steady state is a spiral. Consider the example shown in Fig. 7. This allows to choose
within the overlap, i.e., x0 = X0 ∈ [0, x̄], from a wide range of intertemporal competitive
equilibria going either to the left or the right (in this example, it is the high corruption
that is globally reachable, but only by a single path). Given this multiplicity within the
overlap, e.g., x0 = X0 = 0.13, the agents may find the ’envelopes’ as focal points (to use
another famous reference to Schelling), because they converge monotonically to one of the
two (stable) steady states. However, they may choose any point from inside along the spiral
14
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Figure 5: Phase diagram for r = 0.04, γ = 1, δ = 0.25, α = 0.2, ε = 1
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which leads to indeterminacy (not to be confused with indeterminacy due two eigenvalues
having negative real parts), to non-monotonic solution paths, and convergence to the left
hand - no corruption - equilibrium. However, the choice of the monotonic paths is much less
natural than it seems, because starting at an interior part of the spiral can Pareto-dominate
the monotonic (and thus not focal) alternative. Indeed, considering the example from Fig.
8 and x0 = X0 = xs = 0.13, then choosing an initial condition inside the spiral that takes
one turn around leads to higher a payoff than the direct route to the origin. This suggests
that (transient) cycling can be the most efficient competitive outcome in a one-state variable
model. This makes that a dynamic competitive equilibrium model can have a qualitatively
totally different outcome compared with a one-state optimal control model, because the
latter always has a monotonic trajectory as optimal solution (Hartl, 1987).

5

Final remarks

This paper puts Schelling’s model of corruption into a dynamic competitive equilibrium
framework. As in Krugman (1991), multiple equilibria are characteristic and their determination can depend on history or history plus a coordination of agents’ expectations. Yet,
while Krugman distinguishes these two cases along the local stability characteristics of the
unstable steady state - node versus focus - it is shown that even a node can render the
need for coordination. Furthermore, in the case of a focus, we show that transient cycling
(thus non-monotonic in the state) can Pareto-dominate the direct monotonic approach of
the longrun equilibrium. This is striking, because for the case of an optimal control model
with one state we know that optimal trajectories are always monotonic (see Hartl, 1987).
This stresses at the same time how crucial social interactions can be.
Natural extensions of the model are in the direction of more states along the lines sketched
above, or including a dynamic externality about how corruption evolves or harms the economy. Another alternative is to apply the individual payoff as sketched in Schelling (and
similar to Kuran, 1989) in a political context to explain stability or instability of political
institutions like dictatorships with a topical application to recent and surprising revolutions.
A good starting point is the paper of Kuran that considers a similar payoff structure for the
individual (to ’falsify’ his true political preference) in a static context but adds a second and
slowly moving threshold to obtain a sudden, radical switch to support the opposition.
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6
6.1

Appendix
Reformulation as a degenerate game

To clarify the theoretical setting of the problem we formally consider two decision makers.
One is the (representative) individual agent considering the individual level of corruption
x(·) ∈ [0, 1] and the other is the aggregate population with its corruption level X(·) ∈ [0, 1].
Let v(·) denote the aggregate actions of the population, then the individual faces the following
problem
ˆ ∞

−rt
e [U(x(t), X(t)) − k(u(t, x(t), X(t))] dt
max
(14a)
u(·)

0

s.t. ẋ(t) = u(t)
x(0) = X(0).

(14b)
(14c)

Considering the dynamics of the aggregate population
Ẋ(t) = v(t)
we immediately find from assumption (5) and the initial condition (14c) that
v(t) = u(t), t ≥ 0

(14d)

has to hold. Therefore the problem of the aggregate population can also be formulated as
an optimization problem yielding
ˆ ∞

−rt
e |u(t) − v(t)| dt
min
(14e)
v(·)

0

s.t. Ẋ(t) = v(t)
X(0) = X0 .

(14f)
(14g)

This reformulation shall help to clarify the mathematical foundation of the economically
motivated problem. It also helps to understand the reason for the “deviating” behavior
of the solutions, simply because the problem is not an optimal control problem at all; it
is rather a degenerate dynamic game. Moreover it justifies the derivation of the necessary
optimality conditions as it is done in the paper.
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