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Abstract

The paper presents sufficient conditions for a strong metric subregularity (SMSr) property
of the optimality mapping associated with the Pontryagin local maximum principle for a
Mayer’s type optimal control problem with general initial/terminal constraints for the state
variable and unconstrained control. This SMSr property is adapted to the involvement of
two norms in the basic assumptions: smoothness, constraint qualification, and strong second
order sufficient optimality conditions. The proofs are based on a new abstract result for strong
metric subregularity (in a two-norms setting) of the Karush-Kuhn-Tucker optimality mapping
for a mathematical programming problem in a Banach space, also presented in the paper.
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1 Introduction

This paper investigates a subregularity property related to the optimization problem

min fo(z), g(x)=0, fi(z)<0, i=1,...,k, (1)

where fo: X 2R, g: X =Y, fi: X >R, fort=1,...,kand X and Y are Banach spaces. The
following system of equations and inequalities is known as Karush-Kuhn-Tucker (KKT) system
associated with problem (1):

k
folz) + Y aufl(x) + (¢ (x)"y" =0,
=1

g(x) =0,
azfl(x):0> izl?"'ak7
fi(l‘)go, 041'20, izl,...,k?,
where x € X, y* € Y* (Y* denotes the dual space to Y), and o := (o, ..., ) € R*. Moreover,

“primes” indicate Fréchet derivatives (assuming that these exist), and (¢'(z))* : Y* — X* is the
adjoint of the continuous linear operator ¢'(z) : X — Y.
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Under an additional condition called Mangasarian-Fromovitz constraint qualification, the ex-
istence of a pair (y*,a) € Y* x R¥, such that the KKT system is fulfilled, is a necessary condition
for z € X to be a local solution of problem (1). The relations in the last two lines of the KKT
system can be equivalently rewritten as

f(.%) € N]Ri(a)a

where f = (f1,..., fx), ]Ri is the set of all elements of R* with non-negative components, and
the normal cone to the set ]R{T_ is defined as usual:

Ny (o) ==

+

{AeRF . (\,B—a)<0forall BeRE} ifacRE,
0 if o ¢ RY |

where (-,-) is the scalar product in R¥. Consequently, one can reformulate the KKT system as

Fola) + Sy cifl(@) + (¢ (2)) "y
F(z,y", ) = g(z) 5 0. (2)
f(x) = Ngi ()

Therefore, the set-valued mapping F : X x Y* x RF = X* x Y x R*¥ is called KKT optimality
mapping, see e.g. [9] and [11, p. 134].

The property generally called Strong Metric Subegularity (SMSr) (see e.g. [11, Chapter 3.9]
and [4]) of the mapping F' is of key importance in the qualitative and numerical analysis of
optimization problems admitting a formulation as (1). In particular, versions of this property
(sometimes appearing under different names) are widely used for obtaining error estimates for
numerical methods for variational inequalities and optimal control problems, such as gradient
methods, Newton-type methods, etc. (see e.g. [2], [26, Section 5|, [4, Subsection 7.3|, [1], [18]
among others). The SMSr property of the KKT mapping for finite-dimensional mathematical
programming problems is characterized in [9, Theorem 2.6] and [4, Theorem 7.1]. The char-
acterization involves strict Mangasarian-Fromouvitz condition and strong second order sufficient
optimality condition, the latter also called coercivity condition, and requires appropriate differen-
tiability properties for the data fg, f, g.

However, the targeted application in this paper is in calculus of variations and optimal control.
It is well known (after the works [23, 21, 22]) that in the optimal control context the norm in
which the coercivity condition has to be posed (usually L? for the controls) is so weak that the
differentiability assumption in this norm is rather restrictive (the so called norm discrepancy).
For this reason, the two norm approach was developed in [21, 22] and subsequent publications,
in which differentiability is assumed with respect to a stronger norm than the one in which the
coercivity is required. This approach is used for studying Lipschitz dependence of the solutions of
optimal control problems on a parameter. Among the large literature on this subject we mention
the path-breaking papers [21, 7, 22, 8]. We mention that the Lipschitz dependence of the solution
on a parameter is related to the property of strong metric regularity, which is a subject of a huge
number of publications (cf. [11, 15]).

In this paper we present a sufficient condition for strong metric subregularity of the KKT
mapping in (2) using the two norm approach. The property of strong metric subregularity is
weaker than that of stronger metric regularity, therefore the sufficient conditions for SMSr are
weaker that those in [21]. In addition we mention that although state constraints are considered



in [21], their specific form does not cover the case of initial and terminal constraints which are in
the focus of the present paper.

The obtained in this paper abstract subregularity result is applied to the following optimal
control problem of Mayer’s type on a fixed time interval [to, t1]:

minimize o (z(to), z(t1)) (3)
subject to
z(t) = h(z(t), u(t)), t € [to, t1], (4)
Yi(x(to),xz(t1)) =0, j=1,...,s, (5)
vi(z(to),z(t1)) <0, i=1,...,k, (6)

where h : R" x R™ — R", ¢; :R" xR" =R, j=1,...,5 ¢; :R" xR" - R, i=0,...,k.

We stress that control constraints are not involved, therefore we actually deal with a general
problem of calculus of variations. The strict Mangasarian-Fromovitz condition and the coercivity
condition take specific forms, in which two norms are used similarly as in [21]. The main novelty
of the strong subregularity result is that the coercivity condition is posed on a critical cone with
initial /terminal constraints for the state variable.

The paper is organized as follows. In Section 2 we present a basic theorem about stability of the
SMSr property adapted to the consideration of two norms. Needed properties of systems of linear
inequalities and equations in Banach spaces are also provided. Sufficient conditions for SMSr of
the KKT mapping for a mathematical programming problem in a Banach space setting (with
equality constraints and a finite number of inequality constraints) are presented in Section 3.
Section 4 deals with the optimal control problem (3)-(6). Here we formulate and prove the main
results in the paper: the sufficient conditions of the SMSr property (in the two-norm setting) for
two optimality mappings associated with problem (3)—(6): first, for the optimality mapping in
Lagrangian format, then for the optimality mapping arising in the Pontryagin local maximum
principle.

2 Preliminaries

2.1 Strong metric subregularity

Let X and Z be two normed linear spaces with norms || - ||x and || - ||z. Let also a second norm
be defined in X, denoted by || - ||, such that ||s||, < ||s||x for every s € X. Denote by Bz(z;r)
the ball of radius r in Z, centered at z. Let £ : X = Z be a set-valued mapping. As usual,
gr(L) :={(s,z) €e X x Z : z € L(s)} is the graph of L. The following property is a modification
of the strong metric subregularity property, which will be abbreviated as SMSr2.

Definition 2.1 The mapping L has the property SMSr2 at § for z if (5,2) € gr(L) and there
exist neighborhoods Oz 5 § (in the norm || - ||x), Oz 3 2 and a number k such that the relations

s€Q0;, 2€0; z€L(s)

imply that
Is = 8ll% < &llz = 2] 2.



The property SMSr2 has the good feature that it is preserved under perturbations with a
sufficiently small Lipschitz constant at § (more precisely, sufficiently small calmness constant at
3, see [10, Theorem 31.7]). For strongly metrically subregular mappings this property appeared
first in [6, Theorem 3.2], see also [4, Theorem 2.1]. We give a proof of a corresponding to Definition
2.1 modification of this stability property.

Theorem 2.1 Let L has the property SMSr2 at § for Z with neighborhoods Oz (in the norm
|- llx), Oz and parameter &. Let the numbers b > 0, p > 0 and k > 0 satisfy the relations

Ru<l, k>

Bz(2;2b) C Os. (7)

1— &'
Then for every function ¢ : X — Z such that
lo(s) =Bz <b  and  |o(s) =)z <ulls—sllx  Vse O,

the mapping p-+L has the property SMSr2 at § for Z+p(8) with neighborhoods Oz, Bz(2+¢(8));b)
and constant k.
Proof. Let s € O;, z € Bz(2+ ¢(5);b) and z € ¢(s) + L(s). Then

Iz = () = 2llz < 12 = (2 + (&) 1z + l0(s) — 9(8) |z < b+b.

Thus z — ¢(s) € Oz and, moreover, z — ¢(s) € L(s). According to the SMSr2 property of L,

Is =3ll% < &ll(z—@(s)) — 2z < &llz = (2 + 9(8)llz + Ello(s) — (3)] 2
< Allz = G+ @)z + Aulls — 8,
hence )
s =8l < 7=l = G+ 9@z
O
Remark 2.1 Observe that the norm || - |x is involved in Theorem 2.1 only for restricting the

solutions s appearing there to be close to the reference solution § in this bigger norm. This is
needed for the application of the main result in this paper in optimal control.

2.2 Systems of equations and inequalities.

Let X be a Banach space and let X* be its dual space. The norm in each of these spaces will be
denoted by || - ||, but sometimes for more clarity we use || - ||x, |||y, |- |lx*, etc. The value of
[ € X* applied to = € X will be denoted by I(z) or just by lz.

We also consider another Banach space Y and a linear continuous operator A : X — Y. As
usual, we denote by A* : Y* — X* its dual operator, so that (A*y*)(x) = y*(Az), therefore we
use the notation y*A for A*y*. We also use the notation R’i ={a=(a1,...,0) ERF : a; >
0vi=1,...,k}.



Definition 2.2 The functionals Iy, ..., € X* are positively independent on a subspace L C X
if the conditions o = (a1, .., a)) € RE and Zle a;li(x) =0 Vz € L imply that o = 0.

Denote by L* the set of functionals * € X* vanishing on a subspace L C X. If AX =Y,
then, as known, (ker A)* = A*Y™, see e.g. [5, Lemma 3.6].

Lemma 2.1 The following two properties are equivalent:
(i) AX =Y, and the the functionals l1, ...l € X* are positively independent on ker A;
(ii) AX is closed, and the relations

k
vy eY*, acRy and y* A+ aili=0 (8)
=1

imply that y* =0 and o = 0.

Proof. 1. If (i) holds, then AX is closed. If (8) is fulfilled then for every x € ker A we have
Zle a;li(z) = 0. From the second part of (i) we obtain that a = 0. The equalities y*A = 0 and
AX =Y imply that y* = 0.

2. If (ii) holds and A is not surjective, then due to the closedness of AX, there exists a non-
zero y* € Y* such that y*A = 0. The second part of (ii) with o = 0 leads to the contradiction
y* = 0. Thus AX =Y. Now let & € R} and Zle a;l; = 0 on ker A. Then Zle a;l; € (ker A)*
and since AX =Y, there exists y* € Y* such that Zle a;l; = —y*A. Then from the second
part of (ii) we obtain that y* =0 and a = 0. O

Proposition 2.1 If the linear and continuous operator A : X — Y is surjective and the func-

tionals Iy, ...l € X* are positively independent on ker A, then there exists a constant ¢ > 0 such
that
k k
Hy*A+Zal-liH Zc(\|y*||+2ai) Vy*eY™ and VaERi. (9)
i=1 =1

Proof. Since the inequality in (9) is positively homogeneous, it suffices to prove it for pairs
(y*,@) € Y* x Rk such that ||ly*| + Zle a; = 1. Suppose that the proposition is not true. Then
there is a sequence (y%,a™) € Y*xRE  where a” = (a1, . - ., i), such that ||y + 325 ap = 1
and [|yr A+ Z?Zl anilil]] = 0 with n — co. Without loss of generality we can assume that o™ —
o € R¥. Then lyE A+ S8 aili]] = 0and S2F_ | al; € (ker A)*, since (ker A)* is a closed subspace
in X*. Consequently y A converges in X* to z* = — Zle a;l; € (ker A)* = A*Y™*. Then, there
is (a unique) y* € Y* such that y*A = 2* and, by the Banach open mapping theorem applied to
A* |yt — vt |l < 9)l(y* — y;h)A|l with some constant . Since ||(y* — yi) Al — ||y*A — 2*| = 0,
we obtain that [|y* — y*| — 0. Consequently, y*A + S | a;l; = 0. In view of Lemma 2.1, this
contradicts the assumption of the proposition because ||y*|| + Zle a; =1. O

As a consequence we obtain the following extension.



Proposition 2.2 Suppose that A and l;, © = 1,...,k, be as in Proposition 2.1 and c be the
constant in (9). Let the functionals l; € X*, i =1,...,k, and operator A : X —'Y satisfy

;=1 <e, i=1,....k, ||[A—A]<e, O<e<é

Then, for the system l~1, . ,l~k, A inequality (9) holds with ¢ :== ¢ — ¢.
Proof. Let a € Rﬁ, y* € Y*. Then
k ~ ~ k k ~ ~
D i +y Al > 1D adi+y Al = 1) eills = 1) = ly* (A= A)]|
i=1 i=1 i=1

k K
> D ai+ |yl — e ai+ lly*l).
=1 =1
O

The following lemma is a reformulation of the extension of Hoffman’s one [13] to a Banach
space, obtained in [14, Theorem 3].

Lemma 2.2 Let A : X — Y be a linear continuous operator with closed range AX, and let
li e X*,i=1,...,k. Then there is a constant Cyy > 0 such that, for any & = (&1,...,&) € RF,
n €Y and xg € X satisfying

lizo <&, Azo=n, (10)
there is a solution x’ of the system
li (xo+12') <0, A(zg+2')=0, (11)
such that
2]l < Crr (max{&f", ..., &} + [Inll) . (12)

where & = max{¢;, 0}.

3 Strong subregularity of the KKT system in mathematical pro-
gramming: two norms approach

In this section we return to consider the optimization problem (1) as stated in the introduction.
The main purpose will be to obtain sufficient conditions for appropriate metric subregularity
property of the optimality (KKT) map associate with this problem. As explained in the intro-
duction, due to the targeted application in optimal control we involve two norms in the space
X in which the decision variable lives. In the first subsection we begin with some notations and
known facts, followed by the assumptions needed for the subregularity result for the optimality
map, presented in the second subsection.



3.1 The mathematical programming problem in a Banach space

The inequality constraints in problem (1) will shortly be written as f(x) < 0, the inequality
meant component-wise. Let Z be an admissible point. Denote by I the set of active indices,

I={ief{l,....k}: fi(&) =0}

Assuming that f;, i =0,...,k, and g are (Fréchet) differentiable at Z, we formulate the Mangasarian-
Fromovitz condition (constraint qualification) (MFCQ) in the following form:
(a) ¢'(2)X =Y, and (b) the functionals f/(), ¢ € I, are positively independent on ker ¢’(Z).

Remark 3.1 According to Lemma 2.1, MFCQ is equivalent to the following condition: AX is
closed, and the relations

a; >0 foriel, y*e€Y*, > aifi(#)+y"g(&) =0,
el
imply that a; =0 for all ¢ € I, and y* = 0.

The following first-order necessary optimality condition for problem (1) is well known, see e.g.
[16, Theorem 3, Chapter 1].

Theorem 3.1 Let & be a local minimum in problem (1). Assume that f;, 1 =0,...,k, and g are
continuously differentiable around & and that the Mangasarian-Fromovitz constraint qualification
holds at &:. Then there exist multipliers §* € Y* and & € RF such that the triplet (&, 9", &) satisfies
the system

fol@) +y g (@) + X5 aifi(x) =0,

g(x) =0,
a>0, afi(x)=0, i=1,...k,
f(z) <0.

The above relations are known as Karush-Kuhn-Tucker (KKT) system. It can be formulated
in a more compact way as

L/z(x’y*?a) =0, (13)
g(z) =0, (14)
f(@) = N (@) 30, (15)

where L(z,y*, ) = fo(z) + y*g(z) + Zle a; fi(z) is the Lagrangian, and

N (a) = {NeRF: (N B—a)<Oforall BeRE} if a e RE,
R 0 if o ¢ RE,

is the normal cone to R at a € R*. Obviously NR’i () = Hle Npg_ (a;), and (15) incorporates

the complementary slackness condition «;f;(x) = 0. The triples (Z,7", &) satisfying the KKT
system (13)—(15) are called KK T points.



Now we fix a (reference) KKT point (Z,9*, &) (such exists if & is a solution of the optimization
problem (1)) and split the set of active indices I for & into two parts:

Iy={iel:a;=0}, L={iel: é >0} (16)

Note that &; = 0 for all ¢ ¢ I. The following assumption, known as strict Mangasarian-Fromovitz
condition, is introduced in [19] in the case of finite-dimensional spaces X and Y.

Assumption 3.1 For the fivred KK T point (Z, &, ) the image g'(2)X is closed and the only pair
(y*, @) € Y* x R¥ that satisfies the relations

v (@) + > eif{(#) =0, ;>0 (i€ Iy
el

isy* =0, a=0.

Remark 3.2 It is proved in [19] (in the finite-dimensional case) that under Assumption 3.1
(Z, &, %) is the unique KKT point with the fixed Z. The proof is straightforward also in the
Banach space setting, but this fact will also follow from Theorem 3.3 below.

In order to perform second order analysis of the optimization problem (1) we introduce,
consistently with the material in Subsection 2.1, a second norm in the space X, denoted by |- ||’,
which is weaker than ||-||, meaning that ||z|" < ||z|| for all z € X. The dual space of X with respect
to this norm will be denoted by X", thus X” = {l € X* : [ is continuous with respect to || - ||'}.

(In the optimal control application in Section 4, for example, we use X = L, || - || = || - ||oo;
l-1I'=1"1l2.) The norm in X", denoted by || - ||”, is defined as usual:
N = sup l|iz], le X"
[l <1

Obviously, ||I||” > ||I|| for every | € X”. Below we use the notation 6(t) for any function (0, 00) —
R that converges to zero whenever ¢t — 0.
We make the following “two-norm differentiability” assumptions for the functions f; and g.

Assumption 3.2 There exists a neighborhood O of Z (in the norm || -||) such that the following
conditions are fulfilled for 4 =0, ...,k and for all Az such that & + Ax € O:

(i) The operator g and the functions f; are continuously Fréchet differentiable in O in the
norm || - ||, the derivatives f/(Z) and ¢’(Z) are continuous functionals/operator w.r.t. || - |', and

9@+ Az) = g(&)+ ¢ (@)Az +r(Az),
fi(@+Az) = [fi(&) + f{(&)Az + ri(Az),
with
Ir(Az)[ly < 0(|Az(D|Az]’,  [ri(Az)] < O(|Az])[|Az]".
(ii) There exist bilinear mappings @ : X x X - Y and Q; : X x X - R, ¢ =0,...,k, such
that
J@+A0) = ¢(&)+ Q) +r(Aa),



1Q(z1, z2)[ly < Cllzal'flz2ls  |Qi(z1, 22)| < Clla] ||zl Var, 22 € X, (17)

where C is a constant and 7 and 7; satisfy

o I7(Az)(@)lly < 0(|Az|)[|Az],  |Fi(Az)

" < 0(l Azl Az|”

It is an easy exercise to show that under Assumption 3.2 one can represent
1
g(@+Ax) = g(@)+d(@)Ax + §Q(A3:, Az) + 7(Ax),
1 .
fili 4 A) = fi(#) + @A+ S Qu(Ar, Ax) +7i(A2), =0,k

where

17(Az)lly < o(|Az)(|Az])?,  |7:(Az)| < o(l|Az])(||Az]")?.
Define the quadratic functional €2 : X — R as

Qx) := Qo(z,z) + Z &iQi(z,z) + 9" Q(x, x). (18)

i€l

The following lemma is also quite obvious.

Lemma 3.1 The following representation holds:
LG + A, 6,57) = fold) + 5UAT) +ri(Ax), (19)
where [r (Az)| < 0(|Aal)) (| Ax])?.
Define the so-called critical cone for the KKT point (z, &, y*) as
K:={6reX : ¢(2)0x=0, f/(2)6x <0forieluU{0}}.
It is easy to verify that the above definition is equivalent to the following one:
K:={0reX: ¢g@)0x=0, fl(2)6x <0foriecly, f/(2)dz=0for iecl}.
Assumption 3.3 There exists a constant c¢g > 0 such that
Q(6x) > ¢o (||6z])? Vér € K.

We formulate the following second-order sufficiency theorem, which is similar to that in the
single-norm case, see e.g. [20, pp. 146-148]). The proof is given for completeness.

Theorem 3.2 Let Assumption 3.2 be fulfilled for the triple 3 := (&,9*, &) € X x Y* x R*, let 3
be a KKT point, and let Assumptions 3.1 and 3.3 be fulfilled for this point. Then the following
quadratic growth condition for the objective function fo holds at the point &: there exist ¢ > 0
and € > 0 such that

folx) = fo(@) > c(|la — 2')?

for all admissible x such that |z — &|| < e. Hence, & is a strict local minimizer in the problem.



Proof. Let x = & + Az be an admissible point with ||Az|| < e, where ¢ > 0 will be fixed later as
sufficiently small. Using Lemma 3.1 we have

k
Y(@) = folz) = fo(@) = L(z,§",@) Z &i fi(x) — fo(#)

> Lz, 7", a) = fo(2) = 5Q(Az) + ri(Az). (20)

1
2
From Assumption 3.2(i) we obtain that

g(&)Az = —r(Ax),
fo@)Az =y(z) —ro(Az),  fi(@)Az < —ri(Az), i€l

According to Lemma 2.2, there exists dz € X such that
g (%)6x =0, fi(@)oxr <0, ielu{0}
(which means that éx € K) and

162 — Az]] Cr([r(Az)| + max{|y(z)[ + [ro(Az)|, [ri(Az)],i € I})

<
< O(lAx]) [Az]" + |y(x)]-
From the inequality [|a|?* > ||b]|* — 2||b||||a — b]|, we get

(l6z)? = (llAz])? = 2[|Az||'| 6z — Ax||
> (1Az])? = 20(| Az ])(|Az]')? — 2|y (2) || Az]".

Using Assumption 3.2(ii) one can easily estimate
|Q(0z) — Q(Az)| < e1]|6x — Az ||6x + Az||'.
Then (20) leads to the inequality
1
(z) 2 50(d2) —62<9(HA$II) (1Az])? + [|Az]l' [y ()] + (7(96))2),
where ¢; and co are constants. Finally, using Assumption 3.3 we obtain that
Qo) > co(l|oz]')* > co(| Ax')? = 2cof (| Azl (| Az')? = 2coly(z)|| Ax]"
Consequently,
1
Yw) = Seol Al = es (0011 A]) (1A2])? + |1 Az][7(x)] + (1(2))?).

with some c3 > 0, which implies the desired estimate, provided that € > 0 is fixed sufficiently
small. O

10



3.2 Strong Metric subregularity of the KKT system

In this subsection we investigate the subregularity property SMSr2 (see Definition 2.1) of the
KKT mapping
L/x (w7 y*7 a)
Fz,y", ) == 9(x) (21)
£(@) = Ny ()
appearing in the KKT system (13)—(15) for problem (1). As in Subsection 3.1, we consider a
reference KKT point § = (Z,4*, &) (that is a point satisfying 0 € F(8)) for which assumptions

3.1-3.3 are fulfilled.
Define the space X := X x Y* x R¥ with the following two norms (see Subsection 3.1):

Islla == llzll + ly* + o] and |Isl% = [lz] + [y*[| + |el, s =(2,y", @) € X.
Also define Z := X" x Y x R¥ with the following norm: for z = (¢,n,€) € Z

1zlz = ICI” + lInll + 1&]-

Observe that due to Assumption 3.2(i) we have y*¢’(z) € X", and also f/(z) € X”. Thus
F:X=2Z.

Our intension is to apply Theorem 2.1, for which we formally “linearize” the single-valued
part of the mapping F, using Assumption 3.2, but also include (for convenience) two quadratic
terms. For any s = (z,y*,a) € X denote Az =z — 2, Ay* =y* —g*, Aa=a — &, As =5 — 5.
To shorten the notation we set

A:=g'(2), L:=fl@), i=0,....k L:==(y....0)", f=01 )",

where the superscript T means transposition. Define the set-valued mapping

+ 3 Qi(Ax, ) + Yiy Aail; + D(As)
AAzx ’
f(@)+1Ax — Nszr(a)

L(s) := (22)

where D(As) = Ay*Q(Az, ) + Zle Aw;Q;i(Ax,-) € X* is a quadratic term. The definition of £
is the result of the formal linearization using Assumption 3.2(ii) for the first component (where
also D(As) is added), and Assumption 3.2(i) for the second and the third component. Due to
the same assumptions £ maps X to (the subsets of) Z.

Lemma 3.2 Let assumptions 3.1 and 3.3, and the inequalities (17) be fulfilled for A, Q, l; and
Q;. Then there exist numbers a > 0, b>0 and &> 0 such that the mapping L has the property
SMSr2 (Definition 2.1) at § for 2 = 0 with neighborhoods O; = Bx (&;a) xY* xRk, Oy = Bz (0;b)
and constant k.

Proof. The numbers a and b will be adjusted later in the proof. Take arbitrarily z = (¢,n,§) €
Bz(0;b) and let s = (z,y*, «), with € B(Z;a), be a solution of the inclusion

L(s) > z. (23)

11



Clearly, &; > 0 if and only if i € I;. Let a > 0 and b > 0 be fixed so small that for every i & I
(where f;(2) < 0) we have that f;(z) + ;Az < &. Then from the complementary slackness we
obtain that a; = 0 for @ ¢ I. Then A«a; = 0 for ¢ € I. Moreover, for i € I we have f;(Z) = 0.
Then (23) implies the following relations:

Qo(Az,) +7°Q(Az,-) + Ay"A

+30Qi(Ax, ) + Y Ayl + D(As) = ¢, (24)
i€l el

AAx =, (25)

liAaz—ﬁieNR+(ai), i€l (26)

Now we shall estimate |Aa| and ||Ay*|| by |Az|| and ||¢]|. For that, we present (24) in the form

Ay A+ Aaili + ) Aail;
il i€lp
= (- Qu(Az,") = 1" Q(Az,-) = > &iQi(Az, ) — D(As). (27)

i€ly

Note that Aa; > 0, i € Iy. Define the map A : X — Y x Rl as Ax = (Az, {l;2};er, ), where
|I1] is the number of elements of I;. Due to Assumption 3.1, the functionals {/;};cr, are linearly
independent on ker A. This, together with the surjectivity of A implies that A is surjective.
Again from Assumption 3.1, we have that {I;};cj, are positively independent on kerA. Applying
Proposition 2.1, we obtain that

HAy*A + ZAaili > c<||Ay*H + Z |Aai|) =: ¢O. (28)
iel el

The left-hand side of this inequality can be estimated from (27). For that we use that due to
(17)
157 Q(Ax, )" = sup [5"Q(Az,z)| < [|§7]| sup [|Q(Az, )y <[lF*[IC]|Az],

[[]l"=1 ll=]l"=1

and similarly, ||Q;(Az,-)||” < C||Az||’. For the quadratic term we have due to (17) that

ID(As)]| < [[D(As)[|”

k
< Ay Q(Az, )"+ |1Aail |Qi(Az, )|" < ©C| Az (29)
i=1

Then (28) and (27) imply that for some constants ¢y, ca,
® < [ClI + crl|Az|" + c20[|Az|".

Assuming that @ (hence also ||Az||) is sufficiently small, we deduce that there is a constant cs
such that
IAY™[| + |Aal < es(f|Az] + [IC]) < es((lAz]+ (1K) (30)

One consequence of this estimate is that «; > 0 for ¢« € Iy, provided that a > 0 and b are
chosen sufficiently small. Hence, using the complementary slackness we obtain that [;Ax —&; =0
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for i € I. For i € Iy it holds that Aa; = o;. Again from the complementary slackness we have
l;Ax — & =0 if @; > 0. Thus, in all cases Aq;(l;Ax — &) = 0 for i € I. Then we can estimate

|3 Aaiaa] <3 1aaillal < esllaa] + 1K1 gl (31)
iel el
Now we “multiply” (24) by Az, (25) by Ay*, and having in mind the definition of  in (18),

we obtain that

QA7) + (Ay"A)Az + Y " Aailidz + D(As)Az = (Aax,
el
Ay*(AAz) = Ay*n.

Subtracting the second from the first gives
Q(Az) + Z Aw;liAz + D(As)Az = ( Ax — Ay™ . (32)
i€l
Inclusion (26) implies that

LAz < & for i€ Iy,
LAz = & for i€ I.
We apply Lemma 2.2 to this system extended with (25), and obtain that there exist dz € X such

that
[0z — Az|| < Cu([€] + [[nl]) < Crll=|| (33)

and
lldeO fOl“’iGIo, liéx:0 forz'ell, Adx =0.

This means that dx € K. As in the proof of Theorem 3.2, we estimate
Q(Az) — Q(02)] < e1([|[Az + 2| (|Az — dz|) < cq ([[Az] + [|6z]) [|2]]
with c¢q = ¢1Cpy. Then from (32) and (31) we obtain that

Qz) < |QAz)|+|Q2Az) — Q)|
< j 3" AailiAr + D(As)Ax — ¢ Az + Ay
i€l
+eq ([[Az]" + (o] [|=]]
cs([[Az|" + |zl 2] + [D(As)Az| + [IC])" | Az
Ay Il + ca (1Az]]" + [[ox]|') [|2]]. (34)

IN

From (29) and (30) we estimate
|D(As)Az| < C(|Ay"]| + |Aa)| Az [Az|| < Ces([|Az]" + 2Dl Az || Az]].

Using Assumption 3.3, the last inequality, (30), and (33) (which implies ||Az||" < [|6z|+ Cgl|z]|)
we obtain from (34) that there exists constants ¢4 and c5 such that

co(162])* < Q(0x) < e (oxl'll2ll + [12%) + es(lldz])? [| Az

13



Assuming that @ > 0 and b are sufficiently small (such that c5a < ¢g), for an appropriate constant

¢ we obtain the inequality
([l < e (1] ll21] + [1[1) -

This implies
6zl < él|2|  with é= STV FAC ”§2+45
Then from (33) we have
1Az < [|62]|" + [l0z — Az]" < éllz|| + |62 — Az|| < (¢ + Ca)|2|
This together with (30) completes the proof. O

The main result in this section follows.

Theorem 3.3 Let § = (Z,45*,&) be a KKT point for problem (1), and let assumptions 3.1-3.3
be fulfilled at this point. Then the KKT mapping F defined in (21) has the property SMSr2 at
§ for zero. More precisely, there exist constants a > 0, b > 0 and k > 0 such that for every
z=1(¢,n,&) € Bz(0;b) (i.e. such that ||C]|” + [In]l +1&] < b) and for every solution s = (z,y*, «)
of the inclusion z € F(s) with ||z — Z|| < a it holds that

Is = 811" = llz = 2" + ly" = 9"l + |l = & < wllz]| = w(II” + [Inll + [£])-

Proof. We shall apply Theorem 2.1 for the mappings £ in (22) and the function ¢, which is
the difference between the single-valued parts of F and L, so that F = ¢ + £. Namely, having
in mind Lemma 3.2, we have to ensure existence of numbers ¢ > 0, b > 0, 4 > 0 and x such
conditions (7) are satisfied with the specific form of the neighborhood O; in Lemma 3.2. It is
enough to fix u = 1/2k, Kk =2k, a =a, b= 3/2 and to ensure that the following inequalities are
fulfilled:

lo(s) = o) < plls =3I <b Vs = (w,y"0) with @ € B(#;4).

Clearly, the numbers & and b in Lemma 3.2 can be assumed as small as necessary, because the
property SMSr2 remains true when decreasing the neighborhoods in its definition. In particular,
a has to be so small that By (2;d) C @ in order to utilize Assumption 3.2.

For the second component of ¢ we have the following estimate using Assumption 3.2(i):

lg(z) = (9(2) + ¢'(2)Az)|

lg(x) — AAz| = z
< |r(Az)[| < 0(||Az|))|Az]|” < (u/3) | Az]",

provided that @ > 0 is sufficiently small. Similarly we treat the third component of ¢ (note
that this third component vanishes for all i ¢ I). The first one, denoted further by ¢ € X",
requires more attention. After substitution of the expressions for f;(z+ Axz) and ¢'(Z + Ax) from
Assumption 3.2(ii) in L (z,y*, a), the somewhat long expression for ¢* reduces to

k
o (s) = Fo(Az) + y*F(Az) + > aiTi(Ax).
=1
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In order to estimate " it is enough to prove that * and a are uniformly bounded when ||Az|| < a
and ||¢]] < b. Since the non-active constraints for & remain non-active for x when a is sufficiently
small, we have that o; = 0 for ¢ ¢ I. Then inclusion z € F(s) implies

fo@) +yg () + > aifi(x)

el

(%) are positively independent on kerA (see Assumption 3.1), and f/ and
¢’ are continuous around #, Proposition 2.2 gives that there is a constant C such that

Since the vectors l; = f/

ly*|| + |o| < C  whenever x € Bx(%;a), ||¢|| <b, a,b— sufficiently small.

Now all terms in the expression for ¢ can be directly estimated from Assumption 3.2(ii). For
example,

lg7r(Ax)|" = sup |§*F(Az)z| <[|§7]| sup [F(Az)z| < CO(|Az|)|Ax]’,

ll=]l"<1 fl=]1”<1

and CO(]|Az||) can be made sufficiently small by choosing @ small enough. This completes the
proof of the theorem. O

4 Application of Abstract Result: SMsR in the Mayer Problem

In this section we apply the obtained abstract subregularity result (Theorem 3.3) to the Mayer-
type optimal control problem (3)-(6). An important feature is that general initial/terminal
constraints for the state are involved.

4.1 Subregularity of the Lagrange (KKT) optimality mapping

First, we will directly translate the results in the previous section to the Mayer problem (3)-
(6). For now, we assume that the functions h, ¢; and ¢;, appearing in (3)—(6) are continuously
differentiable. 'We consider this problem for trajectory-control pairs w(-) = (z(-),u(-)) with
measurable and essentially bounded w : [tg, 1] — R™ and absolutely continuous z : [tg, t1] — R".
Thus the admissible points in the problem belong to the space

W = Wh([to, t1]; R™) x L®([to, ta]; R™) = Wh x L™

with the norm

&(t)| dt + esssup |u(t)].

t1
leoll = lzlln + llulloo= 2(to)] + /
to tE[to.tl]

The mapping g and the functions f; in the abstract problem (1) will be specified as follows.
With the notations

q-:= (x(t(])?x(tl)): G(ZL‘,U) = h(:c,u) -z, Y= (1#1,- . 'a¢8)7 ¥ = (9017"' 7¢k)7
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we set

WS (z,u) = g(z,u) := (G(z,u),¥(q)) € L'x R =Y, (35)
W3 (z,u) = f(x,u) = p(q) € R

Further on we use the similar abbreviations

i = (2(to),(t1)), 6q:= (6z(to),dx(tr)), ... (36)

Due to the continuous differentiability of ;, the functions f;, ¢ = 0,1,...,k, are also contin-
uously differentiable and the Fréchet derivative of f; at a point w = (x, u) is the linear functional

W > (6x,6u) — fj(w)(dz,0u) = ©i(q)dg € R, i=0,1,... k. (37)

Notice that when the functionals f/(w) and ¢}(q) are considered as vectors, they are treated as
vector-rows, while the elements of the “primal” space, dx, du, etc. are vector-columns. The same
applies to the other linear functionals that will appear later. Also note that in order to make
(37) consistent with the matrix calculus, (0x,du) should be understood as a vector column of
dimension n + m.

Since the norm for the u-components of the elements of W is L°°, the mapping ¢ is also
continuously Fréchet differentiable and its derivative ¢’(w) : W — L' x R® at w € W is the
continuous linear operator defined as

g (w)ow = (h’(w)éw — o, w’(q)éq)
(G’(w)éw,W(q)éq), Vow = (0x,du) € W, (38)

where W' (w)dw = hy(x,u)dx + hy(x,u)du and the derivative G'(w) of G at w is defined by
G'(w)dw = h'(w)dw — &i. Since the operator G'(w) : W — L! is surgective, and the operator
w €W — '(q)dq € R® is finite dimensional, the operator ¢'(w) : W — L' x R® has a closed
image, see e.g. [5, Corollary 3.3].

The dual space to Y is Y* = L> x R® with elements y* = (p, 8). Then the Lagrange function
associated with problem (3)-(6) takes the form

L(w,y", a) = L(x,u,p, B, a) = po(q) + p(—=% + h(z,u)) + B(q) + ap(q),

where pv = Z;l p(t)v(t)dt for v € L' (see also notational convention (36)). Its derivative

Ly(w, p, B,a) € W* = (Wh1)* x (L*®)* acts on dw € W as

t1
= ¢0(q)dq + /1t p(t) (W' (w(t))dw(t) — 62(t)) dt + B’ (q)dq + ay' (g)dq. (39)
We remind that h/(w)dw — 6= maps W to L! and
pG' (w)dw = p(h'(w)dw — §z) = /t 1 p(t) (B (w(t))dw(t) — d&(t)) dt. (40)

Let w = (&,4) be an admissible pair. As in Section 3 we denote
I={ie{l,....k} : pi(§) =0}.
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Taking into account that the operator ¢'(w) : W — L' x R?® has a closed image, we translate to
the Mayer problem the Mangasarian-Fromovitz condition at w in the form as in Remark 3.1: the
relations

a; >0 foriel, (p,B)€L® xR, pG'(w)+BY(4)+ > cipi(d) (41)
i€l

imply that a; = 0fori € I, 8 =0, p =0. We remind that local minimum in the norm W is called
weak local minimum. Then Theorem 3.1 implies the following well-known first-order optimality
condition (see e.g. [24, page 24]).

Theorem 4.1 Let w = (&,4) be a weak local minimum in problem (3)-(6). Assume that all the
functions h, 1;, @; are continuously differentiable and that the Mangasarian-Fromovitz condition
holds at w. Then there exist multipliers p € L™=, 3 € R®, & € RF such that the tuple (w, p, 3,07)
satisfies the system:

Lw(vaa B, Oé) =0,
—&+h(w) =0
¥(q) =0,
az0, ¢(q) <0, ap(g) =0,
where q := (x(to), x(t1)).

We remind that the relations in the last exposed line are equivalent to ¢(q) € NR}i (). Then
the KKT optimality mapping for the Mayer problem in consideration is
L(z,u,p, B, )

Fauppa)=| F Zé()x’“) , (42)

(q) = Ngi ()
and the optimality system of Theorem 4.1 is equivalent to the condition 0 € F(x,u,p, [, a).
Introduce the space X with elements s = (z,u,p, 3,a) € Wh! x L® x L>® x R® x RF. in which
the mapping F is defined. Our goal in this subsection is to obtain sufficient conditions for the
subregularity property SMSr2 (Definition 2.1) of the mapping F by applying Theorem 3.3. For
that we introduce a second norm in the space W as
lwl” = Nzl + -
Clearly, we have
lwl" < ellw]| Ywe W

with an appropriate constant c¢. Hence, the norm || - ||" is weaker than the norm || - ||. Correspond-
ingly, the dual space of W with respect to this norm, denoted by W’ as in the previous section,
is (Whh* x L2, with the norm

[(m,p)|” :== sup 7z 4+ ||pl
llz]l1,1<1

The strict MFCQ (Assumption 3.1) takes the following form. For a given admissible reference
point w = (Z, %) and multipliers p, 8, & define

Iy={iel:&=0}, L={iel: & >0}
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Assumption 4.1 The relations

a; >0 foriely, (p,B)eL®xR’ pG'(b)+ By (4 +ZO%%
el

imply that a; =0forie I, 3=0,p=0.

Assumption 4.2 The functions h, ¥, 7 = 1,...,s and ¢;, ¢ = 0,...,k are twice continuously
differentiable.

Let us check that Assumption 3.2 is fulfilled. Both points (i) and (ii) are obviously fulfilled
for fi(z,u) = pi(z(to), z(t1)) and for the second component (z,u) — 1 (x(to),z(t1)) of g in (35),
because of Assumption 4.2 and the inequality

lz(t;) —2(t)| < ||z — 2|11 < |lw—w| Yw=(z,u),®=(Z,a) €W, i=0,1.
Let us check point (i) for the mapping G:
G + Aw) — G(w) = h(1w + Aw) — h(®) — Ai = G' (W) Aw + r(Aw),

where the above relations should be understood point-wise (for a.e. ¢) and
t1
Ir(Aw)lly < [ 0(|Aw(®)]) [Aw(t)| dt < 6(]| Awlloo)[|Awllz < O([| Awl]) | Awl]/

to

(notice that, according to the convention before Assumption 3.2, # may change from place to
place).
Let us check point (ii) for the mapping G'(w) with Q (w1, w2) = b (0)(wy, ws):

(G'( + Aw) — G'(@))(w) = I (i + Aw)(w) — W (d)(w)
= W(@)(Aw,w) + 7(Aw)(w),

where as above ||7(Aw)(w)|[1 < 6(]|Aw|])||w|]" and

1Q (w1, w2)|| < eflwill2 Jwall2 < erllwi]| lwal|'.

Thus Assumption 3.2 is fulfilled.
Next, we define the quadratic functional €2 on W. For this it is convenient to introduce the
Humiltonian (Pontryagin function) and the endpoint Lagrange function:

H(z,u,p) = ph(z,u), g, )+ ) aigi(q) + Be(q). (43)
i€ly
Then, having in mind the expressions for the respective derivatives, the expression in (18) becomes
N tl
to
where

(Hyw (2, 0, p) 0w, dw)
= (Hyo (2,0, p)ox, 6x) + 2(Hyy (T, 4, p)dx, du) + (Hyw (2,0, p)ou, du).
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The critical cone K at the point (Z,4) takes the form

K = {(6x,6u) € WHl x L™ : & = he(%, 12)5:U+h( )ou,
¥'(g)oq =0, ()5q<0 i€ TU{0}},

where d¢ = (dz(tp),0z(t1)). As in the general case (Subsection 3.1), the critical cone can be
equivalently defined as the set of those pairs (dz,du) € Wh1 x L> which satisfy

02 = he(Z,0)0x + hy(Z, 0)0u, ¢'(§)og =0,
9i(q)0g <0, i€y, ¥;(q)0q=0, i€l

The following condition repeats Assumption 3.3 (the coercivity condition) with the meaning
of the notations from the present subsection:

Assumption 4.3 (Coercivity) There exists a constant ¢g > 0 such that
Q(6w) > o (||ow])? Vow € K.

Remark 4.1 It is well-known and easy to prove that the coercivity condition is equivalent to
the following simpler one: there is a constant ¢ > 0 such that

Q(6w) > ¢ (|0z(to)|* + ||6ul|3) Vow € K.

Then Theorem 3.3 directly implies the property SMSr2 of the mapping F in (42). The
elements of the image space, Z (which are considered as disturbances of F) will be denoted by

2= (Cn &) € Z:=W'x L' x R®* x R¥ = (Wh1)* x L?) x L' x R® x R,

so that the inclusion z € F(s) reads as

C Lw(xauvpvﬁva)
n | . —& + h(z,u)
I ¥(q)

3 ¢(q) — Ny ()

Theorem 4.2 Let § = (&, 4, p, A, &) € X be a solution of the inclusion 0 € F(s), and let assump-
tions 4.1-4.8 be fulfilled at this point. Then there exist constants a > 0, b > 0 and k > 0 such
that for every z = ((,n, 1, &) € Z with ||z|| == [|C||" + |Inlli + || + [£] < b and for every solution
s = (z,u,p, B,a) € X of the inclusion z € F(s) with ||x — &||1,1 + ||lu — @||cx < a it holds that

lz = &ll11 + lu—alls + |p — Blloo + |8 — Bl + o — é&] < 2.

4.2 Subregularity of the Pontryagin optimality mapping

It is reasonable to restrict the considerations of disturbances ¢ € (W'1)* x L? to such having
representatives by triplets (7, v, p) € L' x R?" x L2

Cow = voq + /tl [m(t)0x(t) + p(t)du(t)] dt, (44)

to
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where 6q = (6x(to), 6x(t1)) (we remind the convention (36)) and v = (vp, ;). Thus we consider
the space of disturbances

Z={(mv,p,n,pu&) € L' x R? x L? x L' x R* x R*}.

Let Assumption 4.2 be fulfilled. The following lemma, extending [25, Lemma 2], plays the
key role in this subsection.

Lemma 4.1 The equation Ly (x,u,p, 3, o) = ¢, with (z,u) =w € W, p € L, a € R*, B € R?,
and ¢ having the representation (44) with (7,v,p) € L™ x R?™ x L2, is equivalent to the system

0 = p+phy(w)—m, (45)
= phu(w) - P (46)
= (p(to), —p(t1)) + @o(q) + a@'(q) + BY'(q) — v, (47)

with p € Wht and p € L.

Proof. 1. Let Ly (z,u,p, 3,«) = ¢ as in the formulation of the lemma. Then from (39),
t1 t1
l(q,c, B)0q + / p (W (w)dw — 63) dt = véq + / (méx + pou) dt  Vow € W,

to to

where [ as in (43). Setting éx = 0, due to the arbitrariness of du € L>, we obtain (46), and hence
p € L™,
Let for an arbitrary function v € L! the function dz be any solution of the equation

8 (t) = hy(w(t))dz(t) — v(t).

Then, also using (46), we have

t1 t1
lq(q,a,5)5q+/ pvdt:u6q+/ méx dt. (48)

to to

Let p € Wh! be any solution of the equation

—p(t) = p(t)ha(w(t)) — m(t).

Integration by parts gives

plen)se(en) —pli)oetto) = [ (o) at

o dt
- / () (w(t)) + (£))de(t) dt + / () (ha(w())(t) — v(1)) dt
= [ (rl0)sa(t) = pleyote)) ar.
If p and dx are chosen so that
p(t1)ox(t1) — p(to)dx(to) = lg(q, o, B)dq — viq (49)
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(Sa‘y7 5‘T(t0) =0 and p(tl) = l(h ((Laaﬁ) - Vl)) then

t1 t1
lq(q,a,5)5q+/ ﬁvdt:/ oz dt + viq.

to to
Subtracting this equality from (48), we obtain that ft? (p—p)vdt = 0. Since v € L! is arbitrarily
chosen, we obtain that p = p. Thus p € W! and satisfies (45).

Let us represent v = (v, v1) € R” xR"™, l,(¢, @, B) = (lp, 1) € R" x R", and (0x(tp), dz(t1)) =
(o, q1). We still have the freedom to choose the initial or the final condition for p and dx so that
(49) is satisfied. One way is to choose dz(tp) = 0 and p(t1) = I3 — 11 (as already said), another
way is to choose dx(t1) = 0 and p(tg) = —lp + 9. In both cases, the corresponding function p is
the same, equal to p. Thus (47) is also satisfied by p.

2. Now let us prove the converse claim. Summing (45) and (46), the first multiplied by dz € W1
and the second multiplied by du € L, and then integrating over the segment [to, 1], results in
the equality (where dw = (dz, 0u) € W)

t1 t1 ty
/ pox dt + / phy(w)ow dt — / (méx 4+ pdu) dt = 0.
to to to
Integrating by parts the first term and using (47), we obtain that
t1
(lq(q, a,B) — y)dq + / < — pdg + p hy(w)dw — Tdx — péu) dt = 0.
to
Having in mind (39),(44) and the arbitrariness of dw € W, this gives
Lw(xvuapaﬂ7a):C‘ o
The following assumption strengthens Assumption 4.1.

Assumption 4.4 The relations

;>0 foriely, (p,f)eWh! xRS, (50)

0, (=p(to), p(t1)) = D> isp(@) + B/ (4) (51)

el

(
p=-p hx(w)v phu(w)

imply that a; =0foret eI, =0, p=0.

Let us show that Assumption 4.4 implies Assumption 4.1 for optimal control problem (3)—(6).
By Lemma 4.1, system (50)—(51) is equivalent to the equation L, (z,,p,3,«) = ¢, where ( is
represented by the triple (7,v, p) in the form (44) with 7 = 0, p = 0 and v = ¢{(¢). Using also
(39) in this equation, we get

t1
/ p (R (W)dw — 6&) dt + By’ (§)dq + ap' (§)dq = 0.

to

According to (40), the latter is equivalent to

pG' (0)dw + B (§)dq + ay' (§)dg =0 Voéw € W.
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In view of (38), this means that y*¢'(w) + a¢’(¢) = 0, where y* = (p,3). Therefore, indeed
Assumption 4.4 implies Assumption 4.1.

In particular, Assumption 4.1 implies the Mangasarian-Fromovitz condition (41), hence also
the claim of Theorem 4.1 is valid. Applying Lemma 4.1 with {( = 0 we obtain that any weak
solution w = (&,u) of problem (3)—(6), together with the corresponding Lagrange multipliers
(p, B, &) € W xR® x R satisfies (for a.e. t € [tg,11]) the following (local) Pontryagin conditions:

P(t) + p(t) ha(w(?))
(p(to), —p(t1)) + ¥5(q) + X ies cipi(a) + BY'(q)
]A:(:C,u,p,ﬁ, a)(t) == —i(t )(+) h(( (<)?) (1)) > 0. (52)
¥(q)
¢(q) — Ny ()

Introduce the space X with elements s = (z,u,p, B,a) € WH x L x Wl x RS x R¥. in which
the mapping F is defined. Note that the disturbed system (52) has the form z € F (s) with
s = (z,u,p,B,a) € X and z = (myv, pym, 1, &) € Z. Obviously, it is equivalent to the system
(45)-(47) complemented by the conditions h(x,u) — & =n, ¥(q) = 3, and p(q) — & € NR’;(Q)-

The following theorem claiming the subregularity property SMSr2 of the Pontryagin mapping
F with the space Z of disturbances (almost directly) follows from Theorem 4.2.

Theorem 4.3 Let § = (Z, 4, p, A, Q) € X be a solution of the inclusion 0 € ]:"(3), and let assump-
tions 4.2—4.4 be fulfilled at this point. Then there exist constants a > 0, b > 0 and k > 0 such
that for every z = (m,v, p,n, 1, €) € Z with ||2|[# := [|x[ly + [v| + [|pll2 + 10l + |u| + €] < b and
for every solution s = (z,u,p, B,a) € X of the inclusion z € F(s) with ||z — |11+ ||lu—1tllec < a
it holds that

Iz = &[0 + [l = @lle + [0 = Blliy + 18— Bl + o — a| < x|lz]*. (53)
Proof. Due to Lemma 4.1, the inclusion (7, v, p, 1, 1, ) € F(s) with s = (z, u, p, 8, ®)€ X implies
the inclusion ((,n, u,§) € F(s) with ¢ given by (44). Then from Theorem 4.2 we obtain the

estimation

lz = &ll11 + llu = dllz + lIp = Blloo + 18 = Bl + | = &] < & (IS + IInlla + 1] + [€])-

Using (44), we estimate

IKI1" = sup |qw| < sup (v[lgl + |71 [zl + lloll2 ull2)
[[w]"<1 f[w]'<1
< sup ([v|+ [Ixll+ llpll2)lwll < [l
[[w]'<1
Consequently,
| + 18— Bl + lo — ] < 2|2]*, (54)

22



It remains to estimate |p — p||1,1 using the already obtained estimation and (51). With an
appropriate constant c¢; we have

lp=pll = Ip(to) —p(to)| + lIp — plh
< 10q0(0) — Pogo (D) + | Y cvitpige (@) = Y Gitpigy ()]
icl iel
+[ 8% (2) = By (9)] + Ipha (w) — Pha ()|
< allg—dl+la—al+|8 -4l
Fp = blloo + Iz = oo + llu — all2).
Then using (54) we complete the proof. O

We mention that Theorem 4.3 is more general than Theorem 4.2, because it allows for more
general class of disturbances ¢, not necessarily representable in the form (44). Such disturbances
may lead to discontinuous multipliers p. However, their practical relevance is unclear.

4.3 Estimation in the L>*-norm for the controls

Observe that the estimation for the controls in (53) is with respect to the L?-norm. The utiliza-
tion of the space L? for the control functions was essential for the formulation of the coercivity
condition. On the other hand, this choice of the space allows to involve disturbances p which are
small in L? but not necessarily in L.

However, the regularity results in [7, 8] under coercivity include L* estimation for the control,
given that p is sufficiently small in L*°. This is, because, as shown in [7] the L> estimation follows
from the strengthened Legendre-Klebsch condition, which in its turn follows from coercitivity. All
this concerns problems without initial and terminal constraints for the state. In order to obtain
a similar result for problem (3)-(6) we first prove that the strong Legendre-Klebsch condition is
fulfilled also for this problem.

Suppose that Assumptions 4.2—4.4 are fulfilled for the reference point
(z,u,p, 3 ,&). Then, by Theorem 3.2, the cost ¢( satisfies the quadratic growth condition: there
exist ¢ > 0 and £ > 0 such that

o(@) = ¢o(@) > c(llu—all3 + ||z — 2[7,)

for all admissible w = (z,u) such that ||z — Z|[11 < € and ||u — @|/sc < e. This implies that (g, w)
is a strong minimum in the problem

minimize ©o(q) — (y(t1) — y(to)),

subject to
g=clu—a(t))? i=h>u), @) <0, ¥ =0, uecU(),

where U(t) = {v € R™: |[v —4(t)| < €} and y = 0. Introduce

ph(z,u) + pYclu — a(t)]* = H(z,u,p) + pYclu — a(t)[?,
= ao(polq) — (y1 — yo)) + ap(q) + BY(q).

—~
|
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Then (g, w) satisfies the conditions of Pontryagin minimum principle: there are ag € Ry, av € Ri,
BeRS, peWhl, pv € Wh such that

ap(§) =0, ag+|a|+|3] >0, —p=phy(d), —p’=0,

(—p(to), p(t1)) =g, pY(to) = p¥(t1) = —au,
H (3 (t),u, p() + pPelu— a(O)2 > H(a(e), (), p(t)) for all u € U (1)
(The latter holds for a.a. t € [tg,t1].) It follows that p¥ = —ag. Assume that oy = 0. Then
we obtain the conditions of the minimum principle subject to the constraint |u — u(t)| < e,
which implies the local minimum principle with oy = 0 in problem (3)-(6). As we know, this is
impossible. Consequently, we can take ag = 1. Then, as we know, o = &, 8 = 3, p = p and we
get for a.a. t € [to, t1]

H(&(t),u,p(t)) — H(&(t), alt), p(t)) > clu—a(t)[?

for all u € R™ such that |u — @(t)| < e. The strengthened Legendre-Klebsch condition follows:
for a.a. t € [to, 1]
(Huu(2(t), a(t), 5(t))v,v) > clv]*  Wv € R™. (55)

Theorem 4.4 Let § = (Z, 4, p, A, Q) € X be a solution of the inclusion 0 € .7:"(3), and let assump-
tions 4.2-4.4 be fulfilled at this point. Then there exist constants a > 0, b > 0 and k > 0 such
that for every = = (m,v, p,1, 1,€) € 2 with |1]° := s + [v] + ol + llly + 1| + €] < b and
for every solution s = (z,u,p, B,a) € X of the inclusion z € F(s) with ||z — |11+ ||lu—tllec < a
it holds that

L 18— B+ la— ] < xjz)°. (56)

2 =211+ [lu = dllec + [lp — P

Proof. Let © C [to,t1] be a set of full measure in which (55) is fulfilled. Then the condition
number of the matrix Hy,, (Z(t), 4(t), p(t)) is uniformly bounded for ¢ € ©.

Let (z,u,p, B, «) be as in the theorem. For a fixed t € © we have (after a possible redefinition
of p on a set of measure zero)

where, according to (53),

()] = [Hu(2(t), ut), p(t)) — Hu(@(t), u(t), 5(t))] < eal|2] 7.

Here ¢; is a constant independent of ¢. Then from the equations

Hy(2(t),a(t),p(t) =0,  Hy(Z(t),u(t),p(t)) = p(t) + (1),

A~

the inverse function theorem, and the uniform boundedness of the condition number of H,,, (& (t), u(t), p(t))

we obtain that for a constant ¢y it holds that

[u(t) — a(t)] < ea(|p(t)] + |r(8)]) < eallplloo + crealll|*.

Recall that this inequality holds on the set © of a full measure in [tg,¢;]. This completes the
proof. O
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