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Abstract
The effect of the heterogeneity on the evolution of an epidemic disease in a heterogeneous population is investigated within a simple distributed parameter model. It
is established that there exist short run and long run threshold values for the initial
“weighted prevalence”, at which the dependence of the short run (long run, respectively)
behaviour of the disease on the initial level of heterogeneity changes qualitatively. The
threshold value for the short run behaviour turns out to be independent of the particular
data and equals 0.5.
The paper contributes also to the issue of modeling the dynamics of the disease in a
heterogeneous population by non-distributed equations. A suitable class of simple functions is proposed that can be used as approximations of the “prevalence–to–incidence”
function in models where the heterogeneity is not explicitly involved.
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Introduction

Epidemic models that explicitly take into account the heterogeneity of a population involve
distributed parameter systems, see e.g. Diekmann, Heesterbeek, and Metz [4], Coutinho
at al. [2], Diekmann and Heesterbeek [3]. Such models are not only more complex for
numerical processing, but require distributed data that are usually not available. For this
reason it is desirable to deal with non-distributed (aggregated) models, usually obtained by
an appropriate averaging. In the present paper, starting from a rather general distributed
SIS system modeling the dynamic of an epidemic disease in a heterogeneous population,
we pass to a non-distributed system whose solution coincides with the aggregated solution
of the distributed system. This ordinary differential system is not explicitly defined, but
we establish that it represents an ordinary SIS model in a homogeneous population which,
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however, involves a nonlinear “prevalence-to-incidence” function as a multiplicative component of the infection rate. We establish some properties of this nonlinear incidence function
and propose a class of approximating functions depending on three parameters only, which
could be identified by a modest amount of measurements of the prevalence. The analysis is
motivated mainly by HIV/AIDS and Hepatitis, but could be useful also for other diseases.
We compare two populations with the same parameters (relevant to the considered model),
and the same mean value of risk, the two populations differing only in the distribution of the
individuals along the risk scale: one of the populations is more heterogeneous with respect to
the risky behaviour than the other. We establish that there is a threshold value such that less
heterogeneity is more advantageous in a short run if the initial weighted prevalence is below
this threshold, and less advantageous in the opposite case. In addition, this threshold value
turns out to be independent of data and equals 0.5. We establish a similar property also for
the long run (asymptotic) behaviour, where, however, the threshold is data dependent and
can even degenerate to zero or to one for some data specifications. The result concerning the
long run behaviour is obtained for a substantially simplified version of the general model,
but the conclusions are completely supported by numerous numerical tests carried out for
more general specifications.
The exposition is organized as follows. In Section 2 we describe a general SIS model in
its homogeneous and heterogeneous (distributed) versions, and discuss the assumptions. In
Section 3 we investigate the dynamics of the integral moments of the susceptible and of the
infected heterogeneous populations. Then in Section 4 we pass from the heterogeneous model
to a homogeneous one with a nonlinear “prevalence-to-incidense” function and support by
analytical and numerical arguments the relevance of the proposed class of approximate
incidence functions. Section 5 is devoted to the study of the effect of the heterogeneity on
the evolution of the disease in the sort and in the long run.

2

The Homogeneous and the Heterogeneous Models

The model below is of SIS-type, that is, it involves only susceptible and infected individuals.
This is the core component of many more detailed epidemiological models being at the same
time structurally simplest. On the other hand, within this structure, the model is a rather
general one, since nonlinear dependence of fertility, mortality and recovery rates on the
population size is allowed.

2.1

The homogeneous model

The main variables in the model are the size S(t) of the susceptible population, and the size
I(t) of the infected population at time t.
2

The dynamics of the disease is described by the equations
Ṡ(t) = −ιpyS + λ(S, I)S + γ(S, I)I,
˙
I(t)
= ιpyS − δ(S, I)I,
where
y(t) =

S(0) = S0 ,

(1)

I(0) = I0 ,

(2)

I(t)
.
S(t) + I(t)

Here
λ = β − µ is the net inflow rate, where
β is the birth rate, µ is the mortality rate of the susceptible individuals;
δ = ν + γ is the out-flow rate of infected individuals3 , where
ν is the mortality rate of the infected individuals, γ is the recovery rate from the infection.
The rate of infection ιpy(t) consists of three multipliers:
ι is the strength of infection,
p is the (average) level of risk of the population, depending on the average intensity of
participation in risky interactions, on the average immunity, etc.,
y(t) is the prevalence of the disease at t.
There is a weak point in the models that include the above one as a kernel component,
especially in the expansion phase of the disease and if the population is considerably heterogeneous, in which case the individual values of p may be rather different from the average. In
reality, individuals who are more vulnerable to risk become infected with higher probability
than average. For many diseases individuals who are more vulnerable as susceptible are
more infective if they become infected. As a result, the rate of infection in the early stage
of the disease tends to be higher than ιpy(t). On the other hand, if the mortality of the
infected individuals is higher than that of the susceptible ones and the recovered individuals
do not increase their level of risk after recovery, then the average vulnerability to risk in the
susceptible population decreases with the time. As a result, the value ιpy(t) overestimates
the rate of infection in the late stage of the expansion phase. In our subsequent analysis we
formally support these observations and try to avoid the resulting distortion in predicting
the evolution of the disease.

2.2

Modeling the heterogeneity

In this subsection we explicitly take into account the heterogeneity of the population, supposing that the value of p is specific for each individual. Similarly as in Diekmann at al.
[4] we introduce a variable ω that characterizes individual features that are relevant to the
3
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disease. As in [4] the variable ω will be called h-state (h stays for heterogeneity). We assume
that ω ∈ Ω, where Ω is measurable subset of a finite dimensional space.
Correspondingly we introduce the following variables on Ω:
S̄(t, ·) – the density of the susceptible population at time t;
¯ ·) – the density of the infected population at t.
I(t,
Moreover, p(ω) ≥ 0 will denote the level of risk at h-state ω.
¯ ·) : Ω 7→ R are not probability densities, since
To avoid confusion we note that S̄(t, ·), I(t,
their integrals over Ω, denoted further by S(t) and I(t), give the total size of the susceptible
and of the infected populations at t.
The dynamic of the heterogeneous population is described by the following model where
“dot” means derivation with respect to t:
Z
˙
S̄(t, ω) = −ιp(ω)z(t)S̄(t, ω) − µS̄(t, ω) + β
ψ0 (S(t), I(t), S̄(t, ω), ω, ω 0 )S̄(t, ω 0 ) dω 0
Ω
Z
¯ ω 0 ) dω 0 ,
+γ
ψ(S(t), I(t), S̄(t, ω), ω, ω 0 )I(t,
Ω

¯˙ ω) = ιp(ω)z(t)S̄(t, ω) − ν I(t,
¯ ω) − γ I(t,
¯ ω).
I(t,
The meaning of the rates µ, ν and γ is as in the previous subsection. It is supposed that
these rates are independent of ω. The density ψ0 (S̄(t, ω), ω, ω 0 ) represents the “probability”
that an offspring of an individual of h-state ω 0 is of h-state ω. Similarly, ψ(S̄(t, ω), ω, ω 0 )
represents the “probability” that an infected individual of h-state ω 0 passes to an h-state
ω after recovery. These probabilities are allowed to depend on the current size of the
susceptible population of h-state ω. As before the rates µ, β, ν and γ, but also the densities
ψ0 and ψ may depend on the total susceptible and infected populations S(t) and I(t), which
is not explicitly indicated in the above formulae.
In the context of this paper ω has more behavioral than purely biological meaning. That
is, it represents habits or vulnerability to risk, rather than natural immunity or frailty.
Examples are the HIV disease in Central and South Africa (see e.g. Thieme and CastilloChavez [9], Sanderson [8], Feichtinger at al. [5]) and the Hepatitis in communities of heroin
users (cf. Gavrila at al. [6]). Therefore we assume that the newborn individuals have the
same h-distribution as the current susceptible population. Similar assumption we make also
for the recovered individuals. The latter is certainly fulfilled if there is no recovery from the
disease, as in our main concerns – AIDS and Hepatitis C.
In other words we assume further that (suppressing the time variable in the notations)
ψ0 (S, I, Ŝ(ω), ω, ω 0 ) = ψ(S, I, S̄(ω), ω, ω 0 ) =
4

S̄(ω)
.
S

(3)

The term z(t) represents the infectivity of the environment in which the susceptible individuals live. It is called weighted prevalence and is defined as
z(t) =

J(t)
,
R(t) + J(t)

Z

where
R(t) =

Z
p(ω)S̄(t, ω) dω,

J(t) =

Ω

¯ ω) dω.
q(ω)I(t,
Ω

That is, z(t) is the probability to randomly pick up an infected individual out of the pool
of all individuals, if the individuals are counted according to their weights p(ω), for the
susceptible, and q(ω), for the infected individuals. In the sequel we assume the so-called
proportioned mixing, Barbour [1]:
q(ω) = κp(ω),
(4)
which seems reasonable in the present context4 .
The overall heterogeneous model, under the simplifying assumptions (3),(4), and with the
notations λ and δ from the previous section, becomes
J(t)
I
S̄(t, ω) + λ(S, I)S̄(t, ω) + γ(S, I) S̄(t, ω),
R(t) + J(t)
S
J(t)
ιp(ω)
S̄(t, ω) − δ(S, I)I¯(t, ω),
R(t) + J(t)
Z
S̄(t, ω) dω,
ZΩ
¯ ω) dω,
I(t,
Ω
Z
p(ω)S̄(t, ω) dω,
Ω
Z
¯ ω) dω,
κ
p(ω)I(t,

˙ ω) = −ιp(ω)
S̄(t,

(5)

¯˙ ω) =
I(t,

(6)

S(t) =
I(t) =
R(t) =
J(t) =

(7)
(8)
(9)
(10)

Ω

with initial conditions

S̄(0, ω) = ϕS0 (ω)S0 ,
¯ ω) = ϕI (ω)I0 .
I(0,
0

The initial conditions are given in terms of the initial size of the susceptible and of the
infected sub-populations, S0 and I0 , respectively, and the probabilistic densities ϕS0 (·) and
ϕI0 (·) of their h-distributions.
¯ ·), S(·), I(·), R(·), J (·)) is a solution of (5)–(10) if for
The measurable mapping (S̄(·, ·), I(·,
¯ ω) are absolutely continuous and (5)–(10) hold
almost every ω the functions S̄(·, ω) and I(·,
4
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almost everywhere. Below we suppose that the functions λ, γ and δ are at least continuous,
or several times continuously differentiable, wherever appropriate. Moreover, we assume
that Ω is a closed subset of Rr with positive Lebesgue measure, that p is a nonnegative
measurable function on Ω, and that
meas{(ω1 , ω2 ) ∈ Ω × Ω : p(ω1 ) = p(ω2 )} = 0.

(11)

This condition is obviously fulfilled if Ω = [0, 1] and p is strictly monotone, or if Ω = [0, 1]r
and p is continuous and strictly monotone along every line through the origin.
Remark. A homogeneous population could be considered as a particular case where ϕS0 (·)
and ϕI0 (·) are concentrated at a single point ω, that is ϕS0 (·) = ϕI0 (·) = δω (·), where δω (·) is
the Dirac delta function. An alternative way is to take arbitrary ϕS0 and ϕI0 and a constant
function p(·). In both cases we come up with a model equivalent to (1),(2), but in the second
way involvement of Radon measures is not necessary.

The above heterogeneous model is designed to avoid the shortcomings of the homogeneous
models mentioned in the end of the previous subsection. However it has its own disadvantages: (i) it involves distributed parameter integro-differential equations, therefore is more
complicated for calculation (especially in its age-structured version, which we do not discuss
in this paper); (ii) it requires the initial densities ϕS0 (·) and ϕI0 (·) which are usually not
available.
The first disadvantage is not critical in simulation tasks5 but could be an obstacle for the
design of optimal treatment or prevention strategies, especially in the age-structured case6 .
The second disadvantage makes the direct use of the model impossible even for simulation
tasks, due to the lack of data. For the HIV disease in Botswana, for example, even the
initial data S0 and I0 are vague, while for the densities ϕS0 (·) and ϕI0 (·) there is no data
available at all (cf. Sanderson [8]).

3

Approximating the Heterogeneous System by an Infinite
System of ODEs

For the two reasons formulated in the end of the previous sectionwe study the issue of
approximation of the heterogeneous model by a homogeneous one, in such a way that the
results obtained by the homogeneous model are similar to those that could be obtained by
the heterogeneous model if the relevant data were available.
5
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models, see Veliov [10].
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Integrating (5) and (6) with respect to ω we obtain
Ṡ = −ιρ∗ (t)S + λ(S, I)S + γ(S, I)I,
I˙ = ιρ∗ (t)S − δ(S, I)I,
where
ρ∗ (t) = z(t)

S(0) = S0 ,

(12)

I(0) = I0 ,

(13)

R(t)
J(t)
R(t)
=
.
S(t)
R(t) + J(t) S(t)

(14)

Note that the only information that one needs to recover the aggregated solutions S(·) and
I(·) of the heterogeneous system by solving the ODE system (12),(13) is the function ρ∗ (t).
Define the normalized moments
Z
S̄(t, ω)
mSk (t) = (p(ω))k
dω,
S(t)
Ω

Z
mIk (t) =

(p(ω))k
Ω

¯ ω)
I(t,
dω, k = 0, 1, . . . .
I(t)

Obviously
R(t) = mS1 (t)S(t),
From here we obtain
z(t) =

J(t) = κmI1 (t)I(t),

κmI1 (t)I(t)
,
mS1 (t)S(t) + κmI1 (t)I(t)

ρ∗ (t) = z(t)mS1 (t) =

κmS1 (t)mI1 (t)y(t)
,
(1 − y(t))mS1 (t) + κy(t)mI1 (t)

(15)

(16)
(17)

where, as in Section 2.1, we use the notation y(t) = I(t)/(S(t) + I(t)) for the prevalence.
Using equations (5) and (12) in the expression for ṁSk one can obtain the following equations:
ṁS1 = −ιz(t)(mS2 − mS1 mS1 ),
ṁS2 = −ιz(t)(mS3 − mS2 mS1 ),
...
ṁSk
...

..................
= −ιz(t)(mSk+1 − mSk mS1 ),
..................

and similarly, using (6) and (13),
1 − y(t) S
(m2 − mI1 mS1 ),
y(t)
1 − y(t) S
ṁI2 = ιz(t)
(m3 − mI2 mS1 ),
y(t)
...
..................
1 − y(t) S
ṁIk = ιz(t)
(mk+1 − mIk mS1 ),
y(t)
...
..................
ṁI1 = ιz(t)
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The initial conditions

Z

Z

mSk (0) =
Ω

(p(ω))k ϕS0 (ω) dω,

mIk (0) =
Ω

(p(ω))k ϕI0 (ω) dω

are known, provided that the initial distributions ϕS0 and ϕI0 are given.
Having in mind (16) and (17) we establish that the above infinite system of differential
equations, together with (12),(13) determines the solution (S(·), I(·)). It can be used for
numerical approximation of (S(·), I(·)) in a version of the method of Poincaré by a truncation
of the infinite system. Such an approximating procedure, however, still makes use of the
initial data, ϕS0 (·) and ϕI0 (·) which should be avoided, as we argued in the end of Section 2,
therefore we do not discuss the details.
Another consequence of the above reformulation of the heterogeneous system is the following.
Proposition 1 Assume that J(0) > 0. Then for each k ≥ 1 the moment mSk (·) is strictly
monotone decreasing. For k > 1 also the normalized moment mSk (·)/mS1 (·) is strictly monotone decreasing. Moreover, if mSk (t) ≤ mIk (t) for t = 0, then this inequality holds for all
t ≥ 0.

Proof. The proof makes use of the following Lyapunov type inequalities: if φ : Ω 7→ R is
nonnegative, measurable probability distribution, and
Z
def
mk =
(p(ω))k φ(ω) dω,
Ω

then for every nonnegative integers p < q < r < s with p + s = q + r
mp ms > mq mr .

(18)

Here the inequality is strict due to assumption (11). Applying this inequality with p = 0,
s = k + 1, q = k, r = 1 we obtain mSk+1 − mSk mS1 > 0. From J(0) > 0 and (6) it follows that
J(t) > 0 for every t. Thus z(t) > 0, which implies ṁSk (t) < 0.
To prove the second claim we calculate


mSk
mSi

0
= −ιz

(mSk+1 − mSk mS1 )mSi − (mSi+1 − mSi mS1 )mSk
(mSi )2

= −ιz

mSk+1 mSi − mSi+1 mSk
(mSi )2

.

The last quantity is strictly negative according to (18) applied with p = i, q = i + 1, r = k,
s = k + 1.
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To prove the invariance of the area mSk ≤ mIk with respect to the differential equations for
the moments it is enough (this is obvious, however, for a strict reasoning one can apply the
Nagumo invariance theorem) to verify that ṁSk (t) ≤ ṁIk (t) whenever mSk (t) = mIk (t). At
such a point t we have ṁSk (t) ≤ 0 and ṁIk (t) ≥ 0 by the same inequality used in the proof
of the first claim.
Q.E.D.

Corollary 1 The heterogeneous system (5)–(10) does not have a periodic solution with
J(0) > 0, whatever are the functions λ, γ and δ.

We mention that the homogeneous system (1),(2) may have a periodic solution for appropriate λ, γ and δ depending on S and I.
The value

mS2 (t)
− mS1 (t)
mS1 (t)

(which is “variance/mean” of p(·)) can be viewed as a measure of heterogeneity of the current
susceptible population. If the two populations have the same mean risk mS1 (0) at time 0,
then the one with the higher value of mS2 (0) is more heterogeneous.

4

Encapsulating Heterogeneity in a Homogeneous Model

In this section we continue the analysis of the heterogeneous model (5)–(10) aiming at obtaining a homogeneous system of the form of (1),(2) which simulates the heterogeneous one.
The key point is that we replace the multiplier y in (1),(2) with a nonlinear function of the
prevalence, ρ(y). It turns out that there exists such a function ρ(y) for which the solution of
(1),(2) (with y replaced by ρ(y)) coincides with the (S, I)-part of the solution of the heterogeneous system (5)–(10). The advantage of knowing the appropriate function ρ(y) is that
one would not need to know the distributions ϕS0 and ϕI0 in order to simulate the evolution
of the disease in a heterogeneous population. Our approach suggests to approximate the
function ρ(y) by measuring the prevalence y(t) at several moments t and applying standard
identification technique. For this purpose one has to restrict the search of the function ρ(y)
to a class of functions Γ depending on a few parameters. In order to justify a choice of the
class Γ we first establish some qualitative properties of the function ρ(y).
We stress that the approach below is appropriate for the expansion phase of the disease,
where the prevalence y(t) is increasing. Let (S̄(·, ·), I¯(·, ·), S(·), I(·), R(·), J (·)) be a solution
of the heterogeneous system of (5)–(10), let ρ∗ (t) be the function defined in (14), and
y(t) = I(t)/(S(t) + I(t)) be the prevalence. We suppose that ẏ(0) > 0, thus there is an
9

interval [0, t∗ ) (t∗ could be +∞) such that ẏ(t) > 0 on [0, t∗ ) and ẏ(t∗ ) = 0 (in the case
t∗ = +∞ the last equation should be disregarded). Let [y0 , y∗ ) be the set of values of y(t)
when t runs in [0, t∗ ).
Thanks to the strict monotonicity of y(·), the equation
ρ(y(t)) = ρ∗ (t)

(19)

defines in a unique way the function ρ : [y0 , y∗ ) 7→ R. Then the solution of the system


I
Ṡ = −ιρ
(20)
S + λ(S, I)S + γ(S, I)I, S(0) = S0 ,
S+I


I
˙
I = ιρ
(21)
S − δ(S, I)I,
I(0) = I0 ,
S+I
coincides with the (S, I)-part of the solution of the heterogeneous model (5)–(10). The
definition of the nonlinear “prevalence-to-incidence” function ρ, however, is not constructive,
since it requires knowledge of the solution of (5)–(10). Therefore the next step to constructive
approximation will be to establish some properties of the function ρ(y). In doing this we
make the following simplifying assumption:
mS1 (0) ≥ mI1 (0).

(22)

(If this is an equality, it would mean that the disease is initiated in a random way.)
Solving the differential equation for mI1 and denoting q(t) = ιz(t)(1 − y(t))/y(t) we have
Z t R
R
t
S
I
I
− 0t q(θ)mS
(θ)dθ
1
m1 (t) = m1 (0)e
+
e− ξ q(θ)m1 (θ)dθ q(ξ)mS2 (ξ) dξ
0

and integrating by parts and rearranging the terms we obtain




Z t
R
d mS2
mS2 (t)
mS2 (0) − R t q(θ)mS1 (θ)dθ
− ξt q(θ)mS
I
I
1 (θ)dθ dξ
m1 (t) − S
(ξ)e
−
= m1 (0) − S
e 0
m1 (t)
m1 (0)
mS1
0 dξ
Substituting this in the equation for mI1 we have
ṁI1 (t)
=

q(t)mS1 (t)e−

Rt
0

q(θ)mS
1 (θ)dθ




 Z t


Rξ
mS2 (0)
d mS2
S (θ)dθ
I
q(θ)m
1
(ξ)e 0
dξ .
− m1 (0) +
mS1 (0)
mS1
0 dξ

The first term in the last brackets is constant and positive. The derivative of mS2 /mS1 is
strictly negative according to Proposition 1. Therefore, the second term is zero at t = 0 and
monotone decreasing. We come to the following.
Claim 1: If y(0) ∈ (0, 1) and t∗ > 0, then there exists tI ∈ [0, t∗ ] such that ṁI1 (t) > 0 on
[0, tI ) and ṁI1 (t) < 0 on (tI , t∗ ).
10

It may happen that tI = t∗ , that is, mI1 is increasing in the whole expansion phase.
From the definition of the function ρ we have
ρ0 (y(t)) =

ρ̇∗ (t)
.
ẏ(t)

Having that (see (17))
ρ∗ (t) =

κmS1 mI1 y
(t),
(1 − y)mS1 + κymI1

one obtains
ρ0 (y(t)) = κ

mI1 (mS1 )2 + ṁI1 (mS1 )2 y(1 − y)/ẏ + κṁS1 (mI1 )2 y 2 /ẏ
(t).

2
(1 − y)mS1 + κymI1

√
Claim 2: If y(0) = y0 ∈ (0, (1 + κ)−1 ), then the function ρ(·) : [y0 , y ∗ ) 7→ R is strictly
increasing close to y = y0 . If t∗ < +∞ and either y ∗ = 1 or tI < t∗ , then ρ(·) is strictly
decreasing close to y ∗ .
To prove the first part of this claim we substitute ṁS1 and mI1 by the right-hand sides of the
corresponding differential equations in Section 3. This gives


2
S
I S
S 2
2
S
S 2
I 2
mI1 (mS1 )2 + ιz
ẏ (1 − y) (m2 − m1 m1 )(m1 ) − κy (m2 − (m1 ) )(m1 )
0
ρ (y(t)) = κ

2
(1 − y)mS1 + κymI1
Using the inequality (22) we obtain for t = 0
ρ0 (y0 ) ≥ κ

mI1 (mS1 )2 +



− (mS1 )2 ](mI1 )2 (1 − y)2 − κy 2
,

2
(1 − y)mS1 + κymI1

ιz
S
ẏ [m2

which implies the first statement in Claim 2.
˙ ∗ ) = 0. Moreover, if tI < t∗ , then mI1 (t) < 0 close
To prove the second part we notice that ȳ(t
∗
0
∗
to t . Then the sign of ρ close to y is determined by that of ṁI1 (mS1 )2 y(1− y)+ ṁS1 (mI1 )2 y 2 ,
evaluated at t = t∗ . The second term is negative, according to of Proposition 1The first
term is either zero (if y ∗ = 1) or negative (if tI < t∗ ), according to Claim 1.
The above consideration implies also the following.
Claim 3: ρ(·) has a bounded derivative in every compact subinterval of [y0 , y ∗ ), but ρ0 (y)
may converge to −∞ at y ∗ .
We mention that it is a known fact that a nonlinear “prevalence-to-incidense” function ρ may
be more relevant (due to the heterogeneity) than a linear one, like in (20)–(21). Sanderson
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[8], for example uses the function ρ(y) = ay α in the context of the HIV disease in Botswana,
with α identified from real data as α ≈ 0.3. Notice, however, that this function does not
fulfill neither Claim 2 nor Claim 3. Indeed, it is everywhere monotone increasing and has
infinite derivative at y = 0.
Based on the above properties and on a number of numerical experiments with the heterogeneous model we propose the following class of functions depending on four parameters
a, α, b, β to be used as an approximation of the function y −→ ρ(y):
def

ρ(y) = ay α (1 − by)β ,

(23)

where
a ≥ 0,

α ∈ [0, 1],

b ≥ 1,

β ∈ [0, 1].

Here, in fact, b = 1/y ∗ . Notice that according to Claim 3 we may fix α = 1. We deliberately
keep a redundancy by allowing values of α < 1, but we shall see later that identifying the
four parameters from experimental data leads to α = 1 (or to a value close to one, in some
exceptional cases). Thus, in fact, only the three parameters a, b, β need to be identified from
data in a real application. Notice that no data about the heterogeneity of the population
is required. Provided that the other parameters in (20), (21) are known, one needs only
measurements of y(t) for at least three moments of time.
We illustrate the proposed approximation by several examples, where simulation of the heterogeneous system (5)–(10) is used for determination of the “true” “prevalence-to-incidense”
function ρ(y) by (14), (19).
Figure 1 shows the “true” function ρ(y) arising from a heterogeneous model with artificial
fertility/mortality data (roughly calibrated for a human population). In all plots the mean
risk at time 0, (mS1 (0), mI1 (0)), is the same. The only difference is the level of heterogeneity
mS2 (0) = mI2 (0). Bigger values of h correspond to higher heterogeneity. The value h = 0
corresponds to a homogeneous population, and the function ρ(y) is linear in this case. The
higher is the heterogeneity, the more significant is the deviation from the straight line.
Notice that for h = 0.8 still y ∗ = 1, but for h = 1 we see y ∗ < 0.9.

[Figure 1 about here.]
Figure 2 represents the functions ρ(y) for two different levels of heterogeneity, together with
their best uniform approximations (the dotted lines) with functions from the class (23)7 .
Here measurements of ρ(y) are taken over the whole interval [y0 , y ∗ ). In figures 3 and 4,
only five (resp. ten) measurement in the intervals indicated by vertical lines are used for
7

One can clearly see two Chebishev points – a fact that, to our knowledge does not follow from a known
theoretical results, but can be intuitively expected in view of the chosen class of functions (23).
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finding the parameters in (23). The dotted line represents the best uniform approximation
in the class of functions (23). The dash-dotted lines represent the best approximation based
on the same data, in the class of functions used in Sanderson (2002). The forecast based on
the dash-dotted extrapolation of ρ(·) would be rather pessimistic. Notice also that in Figure
4 the function ρ(·) is rather flat in the interval [0.1, 0.2] where the measurements are taken.
Nevertheless, the tendency of future decrease is captured by the approximating class (23).

[Figure 2 about here.]

[Figure 3 about here.]

[Figure 4 about here.]

5

The Effect of the Heterogeneity on the Evolution of an
Epidemic Disease

Now we shall investigate how the level of heterogeneity of the population influences, ceteris
paribus, the evolution of the disease. It turns out that the effect of the heterogeneity on
a short and on a long time horizons could be opposite, therefore we study these two cases
separately.

5.1

Short run

˜¯ S̃, I,
¯ S, I, R, J) and (S̄˜, I,
˜ R̃, J)
˜ be two solutions of (5)–(10) correProposition 2 Let (S̄, I,
S
I
S
sponding to initial data (S0 ϕ0 (·), I0 ϕ0 (·)) and (S0 ϕ̃0 (·), I0 ϕ̃I0 (·)), such that mS1 (0) = m̃S1 (0),
mI1 (0) = m̃I1 (0) and mS2 (0) < m̃S2 (0). If
J(0)
1
<
R(0) + J(0)
2

(24)

then there exists t̄ > 0 such that
˜
S(t) > S̃(t), I(t) < I(t),

∀ t ∈ (0, t̄].

(25)

If the opposite strict inequality holds in (24), then there exists t̄ > 0 such that the opposite
strict inequalities hold in (25).
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˜ − I(t). Similar notation ∆g (t)
Proof. Let us denote ∆S (t) = S̃(t) − S(t) and ∆I (t) = I(t)
will be used also for other variables g.
Obviously ρ̃∗ (0) = ρ∗ (0), therefore from the conditions of the proposition and (12),(13) we
obtain that ∆0S (0) = ∆0I (0) = 0. We shall investigate the sign of ∆00S (0). Differentiating (12)
and using the above equalities and the assumptions we obtain that
∆00S (0) = −(ρ̃˙ ∗ (0) − ρ̇∗ (0))S0 .
We have


R(t) 0
ρ̇ (0) = z(t)
= z 0 (0)mS1 (0) + z(0)ṁS1 (0)
I(t) t=0
∗

= z 0 (0)mS1 (0) − z 2 (0)(mS2 (0) − mS1 (0)mS1 (0)).
The derivative of z can be found by differentiating J(t)/(R(t) + J(t)), where the derivatives
of R and J are calculated from (9),(10) using also (7),(8). After certain calculations one
can represent
S0 z(0)
ż(0) = mS2 (0)
− ζ,
R(0) + J(0)
˙
z̃(0)
= m̃S2 (0)

S0 z̃(0)
− ζ,
˜
R̃(0) + J(0)

where ζ is the same in the two formulas. Notice that R̃(0) = m̃S1 (0)S0 = mS1 (0)S0 = R(0)
and similarly for J. Also z̃(0) = z(0). Then we obtain


S(0)z(0)
R(0)
00
S
∆S (0) = m2 (0)
−ζ
− z 2 (0)(mS2 (0) − mS1 (0)mS1 (0))
R(0) + J(0)
S(0)
""
#
#
S̃(0)z̃(0)
R̃(0)
− m̃S2 (0)
−ζ
− z̃ 2 (0)(m̃S2 (0) − m̃S1 (0)m̃S1 (0))
˜
R̃(0) + J(0)
S̃(0)


R(0)
= z(0)
− z(0) (mS2 (0) − m̃S2 (0)).
R(0) + J(0)
Since the last multiplier is negative, ∆00S (0) will be negative (therefore ∆S (t) will be negative
for small t) if the multiplier in the brackets is positive. The latter is equivalent to R(0) >
J(0), which coincides with (24).
Q.E.D.

The meaning of the above proposition can be explained in the following informal way. Let
us compare two populations with the same mortality, birth and recovery rates, with the
same initial size and same initial number of infected individuals, and also with the same
mean level of risk at time t = 0. Let only the initial level of heterogeneity of the susceptible
sub-populations are different: mS2 (0) < m̃S2 (0). Then in short run the less heterogeneous
population has
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(i) more susceptible individuals and less infected individuals, if the weighted prevalence at
t = 0 is less than 0.5;
(ii) less susceptible individuals and more infected individuals, if the weighted prevalence at
t = 0 is bigger than 0.5.
The fact that for a very high weighted prevalence, z(0), the higher heterogeneity is advantageous is obvious. Not that obvious is that for very low weighted prevalence the lower
heterogeneity is advantageous in a short run. What is, to our opinion, somewhat unexpected, is that the threshold value is always z = 0.5, which is independent of the particular
functions λ, γ and δ, as well as on the other data involved.
The result is illustrated in figures 5, 6 for initial weighted prevalence z(0) < 0.5, and in
Fig. 7 for z(0) > 0.5.
[Figure 5 about here.]
[Figure 6 about here.]
[Figure 7 about here.]

5.2

Long run

From figures 5 and 7 one may expect that the more heterogeneous population will maintain more susceptible individuals in the long run. This conclusion, however, is false. The
analysis of the asymptotic behaviour of the solution of (5)–(10) is a complicated task at
this level of generality. Therefore we shall consider a simplified situation where we shall obtain a complete analytic description of the asymptotic behaviour, depending on the initial
prevalence.
Namely, we compare two populations with the same initial number of infected individuals
and the same mean risk at time zero. One of these population is assumed homogeneous,
with p(ω) = p for all individuals. The second population is assumed heterogeneous with the
set Ω = {ω1 , ω2 } consisting of only two values: at time zero a fraction α of the individuals
have no risk at all (p(ω1 ) = 0), the rest have risk level p2 > 0. In order to have the same
mean value of risk at time t = 0 we have to take p2 = p/(1 − α). Moreover, we assume that
there is no recovery, that is, γ = 0, that the rates λ and δ are constants, and that κ = 1.
The equations of the homogeneous population become
I
S + λS,
S+I
I
˙
I(t)
= ιp
S − δI,
S+I

Ṡ(t) = −ιp
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S(0) = S0 ,
I(0) = I0 .

Denoting Si (t) = S(t, ωi ), Ii (t) = I(t, ωi ), i = 1, 2, we rewrite the equations for the heterogeneous population as
Ṡ1 = λS1 , S1 (0) = αS0 ,
I˙1 = −δI1 , I1 (0) = αI0 ,
p
I2
Ṡ2 = −ι
S2 + λS2 ,
1 − α S 2 + I2
p
I2
I˙2 = ι
S2 − δI2 ,
1 − α S 2 + I2

S2 (0) = (1 − α)S0 ,
I2 (0) = (1 − α)I0 .

Each of the above two systems can be transformed to a Ricati-type system and can be solved
analytically. The solution depend qualitatively on the quantities
r = λ + δ − ιp, and rα = λ + δ −

ιp
.
1−α

Denoting by S hom (t) = S(t) and S heter (t) = S1 (t) + S2 (t) the size of the susceptible part
of the homogeneous (respectively heterogeneous) population, and solving the corresponding
equations one can obtain
(
 ιp
y(0)e−rt + 1 − y(0) r , if r 6= 0,
hom
λt
S
(t) = e S0 ×
e−ιpy(0)t ,
if r = 0,
(
S

heter

(t) = e S0 ×
λt

 ιp
α + (1 − α) y(0)e−rα t + 1 − y(0) (1−α)rα , if rα 6= 0,
ιp
α + (1 − α)e− 1−α y(0)t ,
if rα = 0,

As above, y(0) is the initial prevalence in the two populations.
We compare the limits at infinity of the “detrended” populations:

ιp
(1 − y(0)) r , if r > 0
hom
−λt hom
Sdet (∞) := lim e S
(t) = S0 ×
t→+∞
0,
if r ≤ 0,
(
heter
Sdet
(∞)

−λt heter

:= lim e
t→+∞

S

(t) = S0 ×

ιp

α + (1 − α)(1 − y(0)) (1−α)rα , if rα > 0
α,
if rα ≤ 0.

Three cases could be distinguished:
Case 1. 0 < rα < r. By an elementary argument one can prove that the equation
ιp

ιp

(1 − y) r = α + (1 − α)(1 − y) (1−α)rα
has a unique solution ŷ ∈ [0, 1]. Then we have
hom
heter
Sdet
(∞) > Sdet
(∞) if y(0) < ŷ,
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(26)

hom
heter
Sdet
(∞) < Sdet
(∞) if y(0) > ŷ,

(27)

Case 2. rα ≤ 0 < r. In this case the same conclusions (26), (27) hold, with the only
difference that ŷ is determined from the equation
ιp

(1 − y) r = α,
which has a unique solution ŷ ∈ [0, 1].
hom (∞) < S heter (∞) holds for every positive initial
Case 3. rα < r ≤ 0. In this case 0 = Sdet
det
prevalence y(0).

We summarize the above conclusions as follows: there is a threshold initial prevalence ŷ, such
that the more homogeneous population is asymptotically larger than the more heterogeneous
one if y(0) < ŷ. The converse is true for y(0) > ŷ. For some values of the parameters the
threshold ŷ can degenerate to zero (as in Case 3) or to value one.
The above conclusions are drown on the basis of a simplified model, but are also supported
by all our experiments with various models of the form (5)–(10).
Thus the dependence of the long run behaviour on the initial (weighted) prevalence is very
much similar to that of the short run behaviour: for initial (weighted) prevalence below the
threshold, less heterogeneity is advantageous, while above the threshold more heterogeneity
is advantageous. The threshold value always equals 0.5 in the sort run consideration, while it
is data-dependent in the long run. In both figures 5 and 7, for example, more heterogeneity
is advantageous in the long run, which means that for the threshold ŷ it holds ŷ ≤ 0, 98 and
ŷ ≤ 0.25.
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Figure 1: The “prevalence-to-incidense” function ρ(y) for different levels of heterogeneity h:
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Figure 5: Evolution of the susceptible part of populations differing only with their level of
heterogeneity. The initial prevalence is y(0) = 0.02.
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Figure 6: Evolution of the infected part of populations differing only with their level of
heterogeneity. The initial prevalence is y(0) = 0.02.
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Figure 7: Evolution of the susceptible part of populations differing only with their level of
heterogeneity. The initial prevalence is y(0) = 0.75.
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